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Abstract. The structure of nearly Kahler manifolds was studied by Gray in several pa- 
pers, mainly in |10) . More recently, a relevant progress on the subject has been done by 
Nagy. Among other results, he proved that a complete strict nearly Kahler manifold is 
locally a Riemannian product of homogeneous nearly Kahler spaces, twistor spaces over 
quaternionic Kahler manifolds and six-dimensional nearly Kahler manifolds, where the ho- 
mogeneous nearly Kahler factors are also 3-symmetric spaces. In the present paper, using 
the lists of 3-symmetric spaces given by Wolf&Gray, we display the exhaustive list of irre- 
ducible simply connected homogeneous strict nearly Kahler manifolds. For such manifolds, 
we give details relative to the intrinsic torsion and the Riemannian curvature. Additionally, 
we determine the canonical fibration for those with special algebraic torsion. 
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1. Introduction 

Nagy proved in |16) that every complete, simply connected nearly Kahler manifold M is a 
Riemannian product Mq x Mi x • • • x M^, where Mq is Kahler and Mi, for each i £ {1, . . . ,k}, 
is an irreducible strict nearly Kahler manifold belonging to the following list: homogeneous 
nearly Kahler manifolds, twistor spaces over positive quaternionic Kahler manifolds and six- 
dimensional nearly Kahler manifolds. More concretely, from this paper and using also a result 
of Butruille |5j, relative to six-dimensional homogeneous nearly Kahler manifolds, one obtains 
the following classification: 
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Any simply connected, complete, irreducible and strict nearly Kahler manifold (M^", 17, J) 
belongs to one of the following classes: 

(i) Homogeneous NK Type I: The holonomy representation of the minimal connection 
\7^(") of the nearly Kahler structure is real irreducible and for n = 3, {M,g,J) is 
moreover holomorphically isometric to = G2 / S(7(3) equipped with the nearly 
Kahler structure as 3-symmetric space. 

(ii) Homogeneous NK Type II: The holonomy representation is complex Hol(V^*-"'')-irre- 
ducible and there exists a V'^^") -parallel decomposition TM = £ © J£. 

(iii) Homogeneous NK Type III: {M,g, J) has special algebraic torsion (see Section [3]) and 
its horizontal distribution is complex Hol(V^("^)-reducible. 

(iv) Homogeneous NK Type IV: {M,g,J) has special algebraic torsion, the base space of 
the twistor fibration is symmetric and its horizontal distribution "K is real Hol(V'^^"))- 
irreducible. 

(v) Six-dimensional non-homogeneous nearly Kahler manifolds. 

(vi) Twistor spaces of non-symmetric positive quaternionic Kahler manifolds. 

Here the homogeneous nearly Kahler manifolds of Types I, III and IV are defined with light 
modifications from the corresponding classes given by Nagy in ^16] . The definitions here 
presented seem to be more natural. Furhermore, we will see that they are more naturally 
agree with the lists of 3-symmetric spaces given by Wolf&Gray in |23| and by Gray in [9]. 
The class homogeneous NK Type III includes the corresponding original one given by Nagy. 
However, the set of non-Einstein manifolds included in the class homogeneous NK Type IV 
is slightly smaller than the set of manifolds included in the corresponding Nagy's class. 

Using Proposition 14.41 ((i) equivalent to (v)) and |16| Theorem 2.1] originally due to 
Cleyton&Swann Nagy proves that nearly Kahler manifolds contained in the classes (I)- 
(IV), for dimension higher than six, are in fact homogeneous and moreover, they are 3- 
symmetric spaces where J is the canonical almost complex structure. Afterwards, Butruille 
completes this result proving that six-dimensional homogeneous strict nearly Kahler are also 
3-symmetric spaces. 

It is still open the problem exposed by O 'Brian and Rawnsley in \18\ p. 57] about the exist- 
ence or not of six-dimensional non- homogeneous nearly Kahler manifolds (see [1]). Since any 
positive quaternionic Kahler manifold of dimension four is symmetric jl2J, six-dimensional 
non-homogeneous nearly Kahler manifolds must admit real irreducible holonomy representa- 
tion of the minimal connection. 

The only known examples of positive quaternionic Kahler manifolds are the so-called Wolf- 
spaces, which are all symmetric and the only homogeneous examples due to Alekseevskii (see 
[21 Ch. 14]). This motives the LeBrun-Salamon Conjecture: Every positive quaternionic 
Kahler manifold is a Wolf-space. Then the existence of twistor spaces in (vi) corresponds 
with the existence of counter-examples of the conjecture. According with [16], such twistor 
spaces are non-homogeneous nearly Kahler. Therefore, it follows that any simply connected 
strict homogeneous nearly Kahler manifold is a compact naturally reductive 3-symmetric space 
equipped with its canonical complex structure. 

In the present paper, using the lists of 3-symmetric spaces given by Wolf&Gray in [23] (see 
also [9]), we display the exhaustive list of irreducible simply connected homogeneous strict 
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nearly Kahler manifolds in each one of these classes, NK Type I- IV. Concretely, we prove the 
following. 

Theorem 1.1. If {AI,g, J) is a simply connected homogeneous strict nearly Kdhler manifold, 
then M decomposes as Riemannian product whose factors belong to one of the following classes 
of homogeneous strict nearly Kdhler manifolds: 

(i) homogeneous NK Type I: compact irreducible 3-symmetric spaces of Type A-^IV ( Table 
[3]) or holomorphically isometric to Spin{8)/[SU{3) /I^s]; 

(ii) homogeneous NK Type II: compact irreducible 3-symmetric spaces of Type C3 (Table 
|4]) or holomorphically isometric to Spin(8)/ G2; 

(iii) homogeneous NK Type III: compact irreducible 3-symmetric spaces of Type A3II 
(TaWeED; 

(iv) homogeneous NK Type IV: compact irreducible 3-symmetric spaces of Type A^III 
{TableEl- 

Moreover, we give details relative to the Riemannian curvature and determine the canonical 
fibration for those ones with special algebraic torsion (NK Types III and IV). It is shown that 
homogeneous NK of Type III are twistor spaces of irreducible Hermitian symmetric spaces of 
compact type, meanwhile those of Type IV are twistor spaces of irreducible non-Hermitian 
symmetric spaces. 

Finally, we would like to note that we also give a list of irreducible simply connected 
strict nearly Kahler manifolds which are Einstein. To complete such a list, it remains to find 
those which are six-dimensional, non-homogeneous and Hol(V^("'))-holonomy real irreducible, 
where Ho^V^*-"-*) is the holonomy group of the minimal connection V^*^"-*. The existence of 
these last manifolds is still an open problem as it was above mentioned. 

2. Preliminaries 

An almost Hermitian manifold {M,g,J) is a 2n-dimensional Riemannian manifold {M,g) 
equipped with an almost complex structure J compatible with the metric. That is, = 
—Id and g{JX, JY) = g{X,Y), for all vector fields X,Y on M. The presence of an almost 
Hermitian structure is equivalent to say that M is equipped with a (7(n)-structure (its frame 
bundle admits a reduction to U{n)). Let V be the Levi-Civita connection of g. On the set 
of Hermitian connections, metric connections V such that VJ = 0, we consider the unique 
connection V^(") given by V^(") = V + where ^ E T*M u{n)^, i.e. S,J + JS, = 0. 
\/U(n) -g gg^ijg^j ^}^g minimal U{n) -connection and ^ is referred to as the intrinsic torsion of 
the (7(n)-structure, which can be computed explicitly as (see [24j ) 

CxY = -^J{VxJ)Y. (2.1) 

Then, ^ = if and only if J is parallel with respect to the Levi-Civita connection, that is, M 
is Kahlerian. 

An almost Hermitian manifolds {M,g = (•,•), J) is called nearly Kdhler if J satisfies 
(\/xJ)X = 0, for all vector fields X on M, or equivalently, the intrinsic torsion is totally 
skew-symmetric. On nearly Kahler manifolds, is parallel with respect to the minimal con- 
nection V^(") (see [8l[13]) and we have 

{RxyZ,W) - {RxyJZ,JW) = A{CxY,^zW), (2.2) 
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where R is the Riemannian curvature of M with the sign convention RxY = '^[x,Y] ~~ 
[Vx, Vy]. For studying the curvature R is useful to consider the usual Ricci curvature tensor 
Ric associated to the metric structure, Jiic{X,Y) = (RicX,Y) = {RxeiY,&i), and another 
tensor Ric*, called the *-Ricci curvature tensor, associated to the almost Hermitian structure 
and defined by Hie* {X,Y) = (Ric*X, y) = {Rx ei-JY, J^i), where {ei,...,e2n} is a local 
frame field. For sake of simplicity the summation convention will be used throughout the 
exposition. However, the sum will be explicitly written when a risk of ambiguity appears. For 
nearly Kahler manifolds the tensor Ric* is symmetric and 

Ric(J-, J-) = Ric(-, •), Ric*(J-, J-) = Ric*(-, •)• 

From (12. 2p , the difference r = Ric — Ric* satisfies 

r(X,y) = {rX,Y) = A{Cxei,CYei) = -4 trace Cx^^y. 

Then, it is a positive semidefinite symmetric form. Moreover, the following formula holds 
[El [22] 

2n 

^ {rei,ej)i{Rxey,ej) - 5{Rx eJY, Jej)) = 0, (2.3) 

for all X, Y in TM. The tensor r has other strong geometric properties: It commutes with J 
and V^("V = (see |15]). Then its eigenvalues are constants. 

If for all m E M and u E T^M with u ^ we have V^J 7^ 0, or equivalently 7^ 0, we 
say that the nearly Kahler manifold (M, g, J) is strict. Thus a strict nearly Kahler manifold 
could be to be considered as the opposite of a Kahler manifold. Here, r becomes into a 
positive symmetric form and its eigenvalues are all different from zero. For the complete 
case, a strict nearly Kahler manifold has positive Ricci curvature, hence it is compact with a 
finite fundamental group Theorem 1.1]. Also in [15j it is proved that any nearly Kahler 
manifold might be decomposed locally (or globally, if it is complete and simply connected) 
into the Hermitian product of a Kahler manifold and a strict nearly Kahler manifold. Thus, 
the study of nearly Kahler manifolds can be reduced to the strict case. Note that irreducible 
complete and simply connected non-Kahler nearly Kahler manifolds are strict and so, they 
are compact. 

We also recall that the first Chern class [lOj of (M, J) is represented by the closed two- 
form 71 defined by 87r7i = {CX, JY) for all X, Y in TM. Here C denotes the symmetric 
endomorphism Ric —5 Ric* . It is V^*^") -parallel and commutes with J. As 71 is a closed form 
it is obtained 

CixY + ixCY + icxY = 0. (2.4) 
Hence, if C has single eigenvalue, then C = and Ric = |r. 

3. Irreducible nearly Kahler manifolds 

In this section, we expose some results given by Nagy |16] . including further details, and 
another new results. 

Definition 3.1. [16] Let {M,g,J) be a complete strict nearly Kahler manifold. It is said 
to have special algebraic torsion if there exists a V^^") -parallel orthogonal decomposition 
TM = V e :K such that V, are stable by J, ^vV = and C:k^ = V. 
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It is not hard to check that the condition ^j{IK = V can be replaced by .^jc^K C V. Since V is 
V^^C") -parallel and = 0, it is an integrable distribution. If (Af, g, J) has special algebraic 
torsion, then there exists a Riemannian manifold (A'^, h) and a Riemannian submersion with 
totally geodesic fibers n : M ^ N, called the canonical fibration, whose vertical distribution 
equals V. With respect to the induced metric and almost complex structures, each fiber is a 
Hermitian symmetric space of compact type \16\ Proposition 4.2]. Moreover, taking a new 
metric ^ on M given by ^ = 2g^ © gj{, where g-y and g'x denote the restrictions of the 
metric g to the distributions V and , respectively, and an almost complex structure J by 
setting J-y = — J and Jj{ = J, Nagy proved in |16| Proposition 4.3] that {M,g, J) is a simply 
connected Kahler manifold of positive Ricci curvature. Hence nearly Kahler manifolds with 
special algebraic torsion are twistor spaces (complex manifolds fibrering over a real manifold 
such that the fibres are complex submanifods [4J) over Riemannian manifolds, which are also 
compact and, because the fibers are connected, simply connected. 

Along this section we will assume that {M'^"',g = (•,•), J) is a connected, complete and 
irreducible (as Riemannian manifold) strict nearly Kahler manifold. If it has special algebraic 
torsion, the fibre of the canonical fibration is irreducible |161 see Theorem 4.1] and recall that 
the base space has to be irreducible, too. Moreover, {M'^"',g, J) is ( |16| see Sections 5 and 
6]): 

(i) homogeneous nearly Kahler if and only if A^ is a symmetric space. 

(ii) non-homogeneous space if and only if A^ is a non-symmetric positive quaternionic 
Kahler manifold. In this case, M is the twistor bundle on A^ consisting of local almost 
complex structures compatible with the quaternionic structure and dim V = 2. 

According with [16' Theorem 3.1], the notion of special algebraic torsion can be characterised 
in terms of holonomy: (M, g, J) has special algebraic torsion if and only if the holonomy 
representation of the minimal connection V^*-") is complex reducible. 
For the complex irreducible case, the following possibilities may occur: 

(i) the V '^'■"•'-holonomy representation is (real) irreducible; 

(ii) there exists an irreducible V^^"^ -parallel distribution V of M such that TM = JV. 

Nearly Kahler manifolds {M,g, J) satisfying (i), at least for dimension higher than six, or (ii) 
are homogeneous nearly Kahler. In fact, they are 3-symmetric spaces, J is their canonical 
complex structure and correspond in the classification given in Section [1] with the homogeneous 
NK Type /, including = G2 /S[/(3), and homogeneous NK Type II, respectively. 

Proposition 3.2. On strict nearly Kahler manifolds {M,g, J) with complex irreducible V^^"^- 
holonomy representation, the first Chern class of (M, J) vanishes, r is parallel and g is positive 
Einstein metric. 

Proof. Let E.\ be an eigenbundle of r corresponding to some eigenvalue A > 0. Since r is V^^")- 
parallel, £a is a V'^*-"-' -parallel distribution. Hence, if the V'^^"^-holonomy representation is 
real irreducible, one obtains that £a = TM. If the V*^^"^ -holonomy representation is not real 
irreducible, taking into account that JS-x = ^A; it follows that H V is a non-zero 
parallel distribution and so, t\ must be all TM. In both cases, A is the unique eigenvalue 
of r. Now, the result follows using the next Lemma 13. 3^ a consequence from (j2.3p (see |10) , 

US]). □ 
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Lemma 3.3. // the tensor r on a strict nearly Kdhler manifold {M,g,J) has exactly one 
eigenvalue, then {M,g) is a positive Einstein manifold. Moreover, the first Chern class of 
(M, J) vanishes and r is parallel. 

Remark 3.4. Also r is parallel on nearly Kahler manifolds such that r has exactly two 
eigenvalues, one of which is zero [10| Theorem 4.13]. In particular, r is parallel for dimM < 8. 

In |16j the following lemma was proved for L = TM. Here we rebuilt the argument for a 
more general situation. 

Lemma 3.5. For a nearly Kdhler manifold, let L C TM be a V^^^^ -parallel distribution which 
is '51ol{'V^^"^) -reducible. If one has an V^*-"-*- parallel orthogonal decomposition £ = £ © 3" 
and X in 3", Y in TM and V,W in E, then 

y, V,W) = A {{[iv,iw]X, Y) - {ixY, ivW)) , (3.5) 

where denotes the curvature tensor of the minimal connection \7^('^\ 

Furthermore, if the decomposition £ = £ © 3" is stable by J, then we have the following 

consequences of the previous identity: 

(i) Cx,Cv^V2 = 0, iv,U,X2 = 0; (h) ^xAx^X^ G J, iv.iv^V-i e £/ 

(ih) ^v.iv^Xi G :f, ix.ix^Vi e £, 

for all Xi, X2, in 3" and Vi, V2, V3 m £. 

In particular, if we consider TM = £©£-*-, where L is stable by J and L-^ is its orthogonal 
complement, then 

Cxi ix2 ^3 , Xi^ /L, ^Vi ^3 , '^Xi ^Jfa ^1 ^ , 

for all Xx,X2,X-i £ L and ^1,^2,^3 G L-^ . 
Proof. Let us recall the relation (see |10l page 237]) : 

i?^(")(X, Y, Z, T) = R{X, Y, Z, T) - 2{^xY, ^zT) + {^Z, ^yT) - {^T, iyZ). (3.6) 

The first Bianchi identity is given by R{X, Y, V, W) + R{Y, V, X, W) + R{V, X, Y, W) = 0. 
Also we have i?'^(")(y, V, X, W) = {R^^'^^Y, V)X, W) = 0. Note that i?'^(")(y, V)X G 3" and 
G £. Therefore, using (13. 6p . it is obtained 

R{Y, V, X, W) = 2{iYV, ixW) - {^yX, ^yW) + (^yVF, ivX). 

An analogous formula is obtained for R{V., X, Y, W). Such a formula is given by 

R{V, X, Y, W) = -R{Y, W, X, V) = -2{^yW, ^xV) + (^yX, ^wV) - {^yV, ^wX). 

Finally, from these last two formulas, the first Bianchi identity and equation (|3.6p . the required 
equation follows. 

Next let us see (i). From Equation (|3.5p we have 

R''^''\XuZ,Vi,V2)-A{[iv,,iv,\XuZ)=A{ix,iv,V2,Z), 

for ah Z in TM. Now taking ii^(")(JXi, JZ, Vi,V2) = i?'^(")(Xi, Z, Fi, 1^2) and the algebraic 
properties of the tensor ^ into account, it follows 

A{ix,iv,V2,Z) = -A{ijx,iv,V2,JZ) = A{U,iv,V2,Z) = 0. 

Reversing the roles of £ and 3", we obtain that = 0. 
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Now we see (ii). Using (i) we have (^vi^Xi-'^2j ^3) = 0, for all in J. Therefore, 
(^X3^Xi-'^2, ^1) = 0. Thus {ix-iiXiX2)c S 3", where Z/; denotes the projection of Z on L. 
Similarly, we will obtain (CviCvi^s)^ S £. Now we apply the facts here proved to TM = 
L © where is the orthogonal complement of L. Therefore, 

Finally, 

For (iii) we choose y = V3 in Equation (j3.5p . we have 

R^^''KXi,V3,Vi,V2) = 4{[^v^,^V2]Xi,V5) + A{^x^^v^V2,V3) = M[^v^,^V2]Xi,V5). 

Since R^^^\X,V3,Vi,V2) = ^2)^1, l^s) = and, by (ii), [Cv^,Cv2]Xi is in L, we 

get that [^Vi,^V2]^i belongs to J. But [^Vi j Ovi]-^-^! = — '^yi'^y2^i ~ ^V2^ViXi is equally in 
3". The remaining identity follows by reversing the roles of the distributions £ and 3". □ 

Because we will need later, we recall the following two results proved in |16t see Lemma 
3.1, Proposition 4.1 and Lemma 5.1]. 

Lemma 3.6. For a nearly Kdhler manifold with special algebraic torsion, we have: 

(i) (vf;("^ii^H)(yi,y2,^3,^4) = o; 

(ii) ii^(")(X, U, V,,V2) = 4mv^,Cv2]X, U) - {^xU,Cv^V2)), 
for all U G TM, Vi,V2, V3, £ V and X £ IK. 

Note that (ii) follows from Equation ([321) taking £ = TM = V © K. 

On complete irreducible nearly Kahler manifolds with special algebraic torsion, the eigenvalues 
of the tensors Ric, r and C on K are ruled by the following result. 

Lemma 3.7. The base manifold (N, h) is Einstein with Einstein constant fx > and, fur- 
thermore, 

r 3 1^ 

+ - = fil:K = - -C 

on "K. As a consequence the tensors r, C and Ric have the same eingenhundles on !K. // £3^ 
is one such a eingenbundle associated to the eigenvalue A(r), A(C) and A(Ric) of the tensors 
r, C and Ric, respectively, then 

4/i = 4A(Ric) + A(r) = 6A(r) - \{C). (3.7) 

Now, we have already available the necessary tools to prove next result. 

Proposition 3.8. Let {M,g,J) be a complete, simply connected, irreducible strict nearly 
Kdhler manifold. Then the following conditions are equivalent: 

(i) r has exactly one eigenvalue; 

(ii) the first Chern class of{M,J) vanishes, i.e. C = 0; 

(iii) r is V -parallel; 

(iv) C is \/ -parallel; 

(v) {M,g) is Einstein. 

Besides Lemmas 13.31 and 13.71 we shall need the next lemmas for getting its proof. 
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Lemma 3.9. Let {M,g, J) be strict nearly Kdhler manifold. IfVC = then C = 0. 

Proof. Let u G TM such that Cu = Xu, for some A G M. Since VC = one gets C^xY = 
^xCY. Then (I2.4p imphes that C^u^ = —^Cu^- Because {M,g,J) is strict there exists 
X G TM such that ^'^X = —c^X, for some c ^ 0. Hence X and are eigenvectors of C 
with eigenvalue — ^. Repeating the same process for X, one gets C^xu = jCxU- Hence ^^X 
also belongs to the eigenspace with eigenvalue j. Then A must be zero and so, C = 0. □ 

Lemma 3.10. [16j Let {M,g,J) be a complete, simply connected, strict nearly Kdhler man- 
ifold. If C has a single eigenvalue, then it splits as a Riemannian product whose factors are 
strict nearly Kdhler manifolds such that their corresponding tensors C and r have exactly one 
eigenvalue. 

Proof of Proposition \3.8l Using Lemma 13.31 we have (i) ^ (ii) and (i) =^ (iii) . From Lemma 
13.101 (ii) =^ (i) and (iii) =^ (ii) follows using [10, Corollary 4.12]. From Lemma [3.91 (ii) 44> (iv) 
is deduced, (i) =^ (v) follows from Lemma [3. 31 Finally, we prove (v) (ii). From Proposition 
13. 2| we only have to consider the case when (M, g, J) has special algebraic torsion. Then the 
result follows from Lemma 13.71 □ 

In what follows we focus on irreducible strict nearly Kahler manifolds with special algebraic 
torsion. The fact that C is V^^"^ -parallel and symmetric, together with the irreducibility of 
the fiber implies that there exists a real constant A such that C = Alv on V (because of the 
irreducibility, only one eigenspace is possible on V). This leads to the following: 

Proposition 3.11. Let {M,g,J) be a complete irreducible nearly Kdhler manifolds with spe- 
cial algebraic torsion. Then, for the tensor C , we have: 

(i) the restriction of C to V has only one eigenvalue A; 

(ii) the restriction of C to Ji has at the most two eigenvalues: Ai = — P (ind A2 = 
— ^-\-p, for some p > 0. In particular, if there is one single eigenvalue for C on 'K, 
then it is equal to On the other hand, if Xi and X2 are distinct and associated to 
the eingenbundles £ and 3", respectively, then = £ © 3", ^gS = ^g-S" = 0, ^gS" = V, 

= 9") Cv3" = £• 

(iii) C has at most three eigenvalues on TM. In particular, if C has only one eigenvalue, 
then A = 0. 

Proof. We only need to show (ii). Since V is an eigenspace of C with eigenvalue A, the 
identity (|2.4p implies that S^yX + ^ySX = 0, whenever V,X are in V and respectively, 
where S = C + ^lj{ on !K. Let us denote by £y the projection of the Lie derivative Ly on "K. 
The facts that S"^ is V'^^"^ -parallel and -C^S^ = 0, for all V in V, imply that projects on 
a symmetric, V^-parallel endomorphism of N, where denotes the Levi-Civita connection 
of {N, h). Such an endomorphism has to be a multiple of identity by the irreducibility of A'^. 
Hence S"^ = p^l^i for some p > 0. This implies 

{C + {^ + p)l^){C + {^-p)ln) = Q. 

Therefore, C has at most two distinct eigenvalues on "K, Xi = — p and X2 = + p- In 
particular, if Ai 7^ A2, for all y G "V and Xi G £, one has 

C^yXi = —X^yXi — Xi^yXi = X2^yXi G IK Pi £a2 = 3~, 
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where is the eigenbundle associated to the eigenvalue A2. Thus, we have ^ 9" and, 
by a similar proof, Q £• Prom this it is immediate that ^gfi = ^grlF = 0. In fact, for all 
Xi, Yi G £ and V eV, one has 

{^x,Yi,V) = {^vXi,Yi) = 0. 

Finally, = "K implies ^v£ = 3" and ^v?' = £ and ^e3^ =V. □ 

We will give some further descriptions of the possible eigenvalues of the tensors r, Ric and 
C. For such a purpose, the following technical result is useful. 

Lemma 3.12. For X,Y ^"K, we have 

where {ci} and {xj} are local orthonormal frames in V and "K, respectively. 
In particular, when there is only one eigenvalue k for r on !K, we have 

21 dim V = A; dim (3.8) 

where I is the unique eigenvalue of r on V. 

Moreover, if there is an orthogonal V'^^^^ -parallel decomposition = £ © 3" stable by J 
where £ and 3^ are eigenbundles associated to the eigenvalues k andm (not necessarily distinct) 
of r such that ^££ = = 0, then: 

r{V,W) = ^{iy,V,iy,W) = 8{i,.V,i,.W), forV.WeV, 

r(Xi,yi) = 8(Ce,Xi,ee,ll)=8(C,.^Xi,^,.^yi), /orXi,yiG£, 

r{X2,Y2) = 8{Ce,X2,^e,Y2) = 8{Cy.^X2,Cy,Y2), for X2,Y2 E 3^, 

where {cj}, {vj^} and {zj^} are local orthonormal frames in V, £ and 3^, respectively. Fur- 
thermore, we also have 

I dim V = k dim £ = m dim 3". (3-9) 

Proof For X G J{, 

r{X,X) = 4{Yli^xei,^xei) + ^{^xxj,^xxj)). 

i j 

But, using the fact that ^•k'^ = ^, we get 

^{Cxei,Uei) = ^{Uei,Xj){xj,^xei) = ^{(,xXj,ei){ei,^xXj) = ^{Uxj,Uxj). 

i i,j i,j j 

It proves the first equality. In particular, if there is only one eigenvalue on !K, it follows 

Mim V = r{ei,ei) = 4:{^x,ei,^x,ei) = ^r{xj,Xj) = ^/cdim J{. 

For the rest, wc use the identities ^££ = ^g^J" = 0, ^g?' = V, = 3' and = £ and the 
corresponding arguments arc similar. □ 

Lemma 3.13. For a nearly Kdhler manifold {M'^^,g,J), if L C TM is a stable by J and 
complex HolCV^^^^) -reducible distribution, then JC = £©?■, where £, 3^ are non-zero orthogonal 
y^^"^) -parallel distributions such that they are stable by J and ^gfi C £. 
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Proof. The reducibility of L implies the existence of a V^*-"-* -parallel decomposition £ = 
£i ® 3"i stable by J. Let 3"o be the distribution generated by elements of the form {(,vW)j--^^, 
where V, W belong to £i and the subscript denotes orthogonal projection on 3"i. Using Lemma 
13.51 (i) we get 

whenever X, Y are in 3~i. Now, using Lemma [3. 5 1 it follows that the first summand belongs to 
£i, the second is in 3"i and third in Therefore, each summand vanishes, Cx^y(^v^)£i = 
^x^y(^yW")ji = Cx^YiCvW)^i_ = 0. This implies that C?,9"o = 0. In fact, if X G 3"i and 
(^V/^)?! £ 3"oi then we compute 

i^xi^vWh^^xi^vWh,) = -i^xCxi^vWh^i^vWh,) = 0. 

Therefore, Cx(CyW^)3^i = 0. 

As S'o is contained in 3"i, we get that ^j-^S'o = 0. Moreover, 3~o is V^^"-* -parallel and stable 
by J, In fact, using V^*-""-*^ = 0, one has 

From all of this, if 3"o ^ 0, we may take £ = 3"o- On the other hand, if 3"o = 0, then 
CfiiSi ^ £i s-iid we set £ = £i. Therefore, we have obtained a V^^"^ -parallel orthogonal 
decomposition £ = £ © 3" such that ^££ C £ and £, 3" are non-zero and stable by J. □ 

Proposition 3.14. Let {M'^'^,g,J) be an complete, simply connected irreducible strict nearly 
Kdhler manifold with special algebraic torsion. Then we have: 

(i) The distribution "K is complex Ilol{V^^'^^) -reducible if and only z/ J{ = £ © 3", where 
£, 3" are non-zero orthogonal V -parallel distributions such that they are stable by J, 
^££ = ^gr3" = and ^gS" = V. Moreover, £ and 3~ are real irreducible Hol(V^^"^)- 
spaces. 

(ii) The distribution 'K is complex Hol(V^^"^ )-irre(iitcz6/e if and only ifK is real Hol(V^^"^)- 
irreducible. 

Proof. Let us see part (i). By making use of Lemma [3l3l if J{ is complex Hol(V^(''))- 
reducible, then = £ © 3", where £, 3" are non-zero orthogonal V^^"^-parallel distributions 
such that they are stable by J and ^££ C £. Since = V, we have ^££ = {0} and 

Let us suppose that ^j3' 7^ {0}. We recall that V is a stable by J and real Ho^V*^^"^)- 
irreducible, because we are assuming our manifold M is complete irreducible strict nearly 
Kahler with special algebraic torsion (see |16j). Therefore, ^^3" = V. Thus, the distribution 
V © £ and 3" can respectively play the roles of vertical and horizontal distribution for the 
special algebraic torsion condition. In such a case, the fiber F of the canonical fibration is not 
irreducible, because TF = V© £ where V, £ are non-zero. Hence M would be not irreducible, 
contradiction. Hence it follows ^j3" = {0}. As a consequence, V = ^£3". 

The converse is immediate. 

The final assertion of part (i) follows from the fact that M is irreducible and both distri- 
butions, £ and 3" can play the role of vertical distribution. 
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Now we prove part (ii) . Let us suppose that !K is a complex irreducible but real reducible as 
Hol(V'^^"^)-space. Therefore, 'K = £ © J£, where £ is a non-zero V^^"^-parallel distribution. 

Let {ei, . . . Cdim v} be an orthonormal basis for (real) vectors in V and X £ £.. Because £ is 
V^(")-parallel, R^^^'^eu Jei)X is in £. Now using Equation (I3.5P and Lemma [3.121 we have 

^^^"^ (e*, Je^)X = 8 ieAe. JX = -r JX. 

i i 

But since "K is complex irreducible and r is Hermitian, there is a single positive eigenvalue k 
of r on "K. Hence rJX = kJX. Thus JX is in £ n J£ = {0}. This imphes X = 0, for all X 
in £. Contradiction. □ 

Definition 3.15. A complete irreducible strict nearly Kahler manifold is homogeneous NK 
Type III, if it has special algebraic torsion and the horizontal distribution "K is complex 
Hol(V^("))-reducible. 

Proposition 3.16. // {M,g,J) is homogeneous NK Type III, then {M,g) is a homogen- 
eous space and the base space of the canonical fibration is a simply connected, compact and 
irreducible symmetric space. 

Proof. By Proposition I3.14| we have three different splittings of special algebraic type TM = 
V © 5{, TM = £ © (V © J), TM = J© (V © £) each of which being V'^^") -parallel and stable 
by J. It follows by Lemma 13.61 (i) that the restriction of the tensor V^^' to either V, 

£ or 3" vanishes. Moreover, because our distributions are V^^"^ -parallel we already know, for 
all U, U' e TM, V,W £V, Xi £ 8, and G £ 

([/,[/', y, Xi ) = 0, ([/,[/', F, Xs) = 0, i?^W(?7,C/',Xi,X2) = 0. 

Finally, for all V,W £ V, Xi,Yi £ E, and X2, 12 G 3", by Lemma EH (ii) , one has 

RUir^){V,W,Xi,Yi) = -R^^''\Xi,V,W,Yi) - R^^''\W,Xi,V,Yi) 

= 4{^vXi,^wYi)-M^wXuCvYi). 

Similarly, one has also 

RUir^){V,W,X2,Y2) = M^vX2,^wY2) -M^wXu^vYi), 

i?^(")(Xi,yi,X2,y2) = MCx,X2,Cy,Y2)-4{^y,X2,Cx,Y2). 

Since V^(")^ = 0, all of this imphes V'^(")i?'^(") = 0. Therefore, V^(") is an Ambrose-Singer 
connection. Hence, taking into account that {M,g) is a connected, simply connected and 
complete Riemannian manifold, it is a homogenous space |21| . The claim that the base space 
of the canonical fibration is symmetric follows by comparison between curvature tensors of 
the total and the base space (see [2j). In fact, if (N, h) is the base manifold with Levi-Civita 
connection V'* associated to the metric h, the corresponding Riemannian curvature R^ and 
X'^ denotes the horizontal lift of X € X{N), then 

0= ((vJ(^)i?^W)^.^«Z^,Z'^) = {iiV'^^,R'^)xYZr,Z'^), 

for all X, X', y, Z, Z' G X{N). This implies V^R^ = 0. Then, because X is simply connected, 
it follows that (X, h) is symmetric. □ 
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Definition 3.17. A complete irreducible strict nearly Kaliler manifold is homogeneous NK 
Type IV , if it has special algebraic torsion, the base space of the twistor fibration is symmetric 
and the horizontal distribution !K is real Hol(V^("))-irreducible. 

From the fact that the base manifold is symmetric it follows V^^^^i?^*-"") = [16]. Therefore, 
a homogeneous NK Type IV manifold is homogeneous as it is expected. 

Remark 3.18. In the case that (M^", (7, J) is a complete irreducible non- homogeneous nearly 
Kahler manifolds with special algebraic torsion (a twistor space of a non-symmetric positive 
quaternionic Kahler manifold [16]). by Proposition 13.14] (ii). the horizontal distribution "K is 
real Hol(V^^"^)-irreducible. 

Finally, we give further details relative to the eigenvalues of the tensors r, Ric and C . 

Proposition 3.19. Let {M,g,J) be a complete irreducible nearly Kahler manifolds with spe- 
cial algebraic torsion. Then we have: 

(i) If "K is a complex HolCV^^^^) -reducible space, then IK = £ © 3", where £ and 3" are stable 
by J, ^££ = ^j3" = and non-zero Hol(V^^"^) -spaces such that consisting of eigenvectors of 
the tensors r, C and Ric associated to eigenvalues {not necessarily distinct) which satisfy the 
following table 



Eigenvalue 


r 


Ric 


C 


Eigenbundle 


A 


/ 


1(1 -^2k-^ 2m) 


2(2/ -k-m) 


V 


Ai 


k 


l{2l + k + 2m) 


2(-l + 2k-m) 


£ 


A2 


m 


1(21 + 2k + m) 


2{-l -k + 2m) 


9" 



The eigenvalues I, k and m are positive constants satisfying Equation (13.90 . The Einstein 
constant of the base manifold is given by 2^ = I -\- k + m. 

(ii) If "K is a complex irreducible Hol(V'^(")) -space or complex reducible as in the previous case 
but with k = m, then the tensors r, C and Ric have two eigenvalues {not necessarily distinct) 
and the bundles V and "K consist of eigenvectors associated to the first and second eigenvalue, 
respectively, as it is indicated in the following table. 



Eigenvalue 


r 


Ric 


C 




Eigenbundle 


A 


/ 


\{l + 4k) 


4(/- 


k) 


V 


Ai 


k 


\{2l + 3k) 


2{k- 




IK 



The eigenvalues I and k are positive constants satisfying Equation ()3.8p . The Einstein constant 
fj, of the base manifold is given by 2fi = I + 2k. 

Proof. The distribution V is a real irreducible Hol(V'^("))-space. In fact, if V = Vi©V2, where 
Vi are V^(")-parallel, then we also have VyW = VJ^^"V G Vi, for all V G V and W £ Vi, 
i = 1,2. This implies that the distributions Vi are parallel for the Levi Civita connection V 
on a maximal leaf of V (we recall that the leaf is a totally geodesic submanifold of M) . Hence 
V is not irreducible with respect to such a Levi Civita connection, contradiction. 
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Since V is a real irreducible Hol(V'^^"'^)-space and C is a V*^^"^ -parallel tensor, then V is 
contained in a single eingenbundle £a of C, V C Ex. In other case, for some eigenvalue A, we 
would have ExDV V and V would not be Hol(V^^"))-irreducible. 

By Proposition 13.141 if is complex reducible as a Hol(V^(")) -space, then !K = £©3~ in the 
conditions written in the statement. Therefore, £ and 3' are real irreducible as Hol(V^^"^)- 
spaces. This implies that there is only one eigenvalue for the tensor C on each of them. Thus, 
the situation is that C has at the most three eigenvalues, namely. A, Ai and A2 (not necessarily 
distinct) such that V, £ and 3" consist of eigenvectors for A, Ai and A2, respectively. Moreover, 
A = -(Ai + A2). 

Now we recall the expression for the Ricci curvature of {M,g) obtained by Nagy in |15) . If 
£j, 1 < * < P are the eigenspaces of r corresponding to the eigenvalues A^ then 




(3.10) 



for all Xand YinVi, where the tensors ,1 < s < p are defined by 

dim £a 

{r%X),Y) = -trace£,(VxJ)(VyJ) = 4 (Cxe,,,^ye,J. 

js = l 

(Note that formula (|3.10p is also true for a decomposition TM = £i®- • - ©fip into eigenbundles 
£j corresponding to A,, not necessarily distinct, such that the bundles £j are V^^") -parallel 
and stable by J.) Then, using Lemma 13.121 and the expression for the Ricci tensor given by 
(j3.10p . we have that the eigenvalues of Ric corresponding to V, £ and 3", respectively, are 
given by 

Ric{V,W) = {{V,W) + \{^r{V,W) + fr{V,W)) = ^-±^^^{V,W), 

Ric(Xi,yi) = |(Xi,yi) + i(|r(Xi,yi) + fr(Xi,yi)) = 2^±^(Xi,yi), 

Ric(X2,y2) = f{X2,Y2) + ^{^r{X2,Y2) + lr{X2,Y2)) = ^^±^{X2,Y2). 

Now taking the identity (I3.7p and A = — (Ai -|- A2) into account, we have 

X = AI - 2k - 2m = 8fi - 6{k + m), Ai = -21 + Ak - 2m = 6k - 4^, 
A2 = -21 -2k + Am = Qm- Afi. 

Hence 2^ = I + k + m. From all of this the table given in (i) follows. In particular, if A; = m, 
the table given in (ii) is obtained. 

For (h). If 'K is Hol(V^("))-irreducible, then J{ C fi;,^, where Ai is an eigenvalue for C . 
Now, by Proposition 13.111 it follows that \i = —^. Therefore, C = X{7ry •, vrv •) — f (vrjf ■,ttj{ ■), 
where vrv and 7rj{ are the projections of TM on V and Ji, respectively. The same argument 
is valid to claim that r has only one eigenvalue I on V and another only one k on "K, where I 
and k are positive constants. 

Applying the expression for the Ricci tensor given by (|3.10p and Lemma 13.121 we obtain: 

mc{V,W) = {{V,W) + !fr{V,W) = ^-±^{V,W), iorV,WeV; 

Ric{X,Y) = ^{X,Y) + l{^r{X,Y) + lr{X,Y)) = ^{X,Y), ioT X,Y eJi. 
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To compute the eigenvalue A of C and the Einstein constant /x of the base manifold, we use 
the identity (I3.7P and obtain = 4^^±2^ + k. From this the required expressions for and 
A follow. □ 

Remark 3.20. In both cases, (i) and (ii) in the previous Proposition, when the total manifold 
is Einstein, it is satisfied that /i = |A; and the tensors r, Ric and C have a single eigenvalue 
satisfying the already known relations (Proposition 13. 8p given by the following table 



Eigenvalue 


r Ric 


C 


Eigenbundle 


A 


k ffc 





TM 



Finally, note that from Equations (13. Sp and (13. 9p . Proposition I3.19| the tables given in 
|16| Proposition 5.2 and Remark 5.1] are deduced. However, we do not require distinct 
eigenvalues. Also some details of the table for three eigenvalues must be corrected in |16]. In 
fact, if 2d = dimV, 2di = dim£ and 2d2 = dim 3", for homogeneous NK Type III spaces one 
obtains 



Eigenvalue 


r 






Ric 








c 




Eigenbundle 


A 






-di 

'2d 


+ 1 + 




2( 


2di 
d 


- 1 - 




V 


Ai 


k 


hi 


d 


+ i + 




2(- 


di 
d 


+ 2- 




£ 


A2 


1^ 


hi 


di 
d 


+ 1 + 




2(- 


di 
d 


- H 







4. RIEMANNIAN 3-SYMMETRIC SPACES 

We recall that a connected 2n-dimensional Riemannian manifold {M,g) is called a 3- 
symmetric space [9] if it admits a family of isometries {6p}p^M of {M,g) satisfying 
(i) 03 = /, 

(ii) p is an isolated fixed point of 9p, 

(iii) the tensor field Q defined by G = {9p)*p is of class C°°, 

(iv) 9p*°J = J °9p*, 

where J is the canonical almost complex structure associated with the family {0p}peM given 
hy J=^^{2Q + I). 

Riemannian 3-symmetric spaces are characterised by a triple (M = G/K, a, (•, •)) satisfying 
the following conditions: 

(1) G is a connected Lie group and a is an automorphism of G of order 3, 

(2) is a closed subgroup of G such that C C C^, where G"^ = {x ^ G \ (t(x) = x} 
and denotes its identity component, 

(3) (•,•) is an Ad{K)- and cr-invariant inner product on m = Ker (p, where (p is the 
endomorphism of g given by (j) = 1 + o" + cr^ . 

We shall say that G/K is a 3-symmetric coset space if there exists a satisfying (1) and (2). 
Here and in the sequel, a and its differential cr* on q and on the complexification qq of q 
are denoted by the same letter a. Then it is a reductive homogeneous space with reductive 
decomposition g = m(Bi, where the Lie algebra toiKis Im (p = q'^ = {X G g \ aX = X}. The 
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inner product (•, •) induces a G-invariant Riemannian metric g on M = G/K and [G/K^g) 
becomes into a Riemannian 3-symmetric space, where the symmetry 9o at the origin o £ M 
is given by 9o{gK) = a{g)K, for ah g G G. Since the canonical almost complex structure 
J on G/K is G-invariant, 3-symmetric spaces are almost Hermitian homogeneous spaces 
determined by the Ad(i^)-invariant automorphism on m, which we denote by the same letter, 
given by 

J=l={2a\^ + Id^). (4.11) 

Under the canonical identification of m with To G/K, we have the following [9]. 

[JX, JY]i = [X, y]t, [JX, YU = -J[X, YU. (4.12) 

In addition to the minimal (7(n)-connection of the canonical almost Hermitian structure 
(J, g) of a Riemannian 3-symmetric space, we may consider the canonical connection (see 
|17) ) of the 3-symmetric coset space G/K adapted to the reductive decomposition g = m © t 
and furthermore, the canonical connection of the 3-symmetric space, treated as a regular 
s-manifold (see [14]). Next we prove that these three connections coincide. 

Proposition 4.1. The minimal connection V*^*^"^ of the U{n)- structure determined by the 
canonical almost complex structure of a Riemannian 3-symmetric space {M = G/K, a, {■, •)) 
coincides with the canonical connection with respect to the reductive decomposition g = t © m. 
Moreover, V^^"^ is also the canonical connection of the regular s-structure. 

Proof. For each X G m, denote by X* the G-invariant vector field defined on a small neigh- 
borhood of the origin o of M = G/K such that X* = X, under the identification m = TqM. 
Then [X* ,Y*]o = [X, Y]m, where [X, Y]^ denotes the m-component of [X, Y] for ah X,Y €m 
and, at the origin, we have 

2{VxY*, Z) = -{X, [Y, Z]m) - {Y, [X, ZU + {Z, [X, Y^), 

for X,Y,Z e m. Hence, using (l4T2]l . ^xY = -V xY* and so, vJ^"V* = 0. It implies that 
VU{n) -g canonical connection of M with respect to the reductive decomposition g = t©m. 
Since any G- invariant tensor field on M is then parallel with respect to V*^^*^^ |14^ Proposition 
1. 11], we have V'^^"^0 = 0. Hence, taking into account that V*^^"^ is invariant with respect to 
all Op, it follows from |14] Theorem 11.17] that V^^*^^ is also the canonical connection of the 
s-structure. □ 

Remark 4.2. Then we have V^^^^T'^^") = V'^(")i?'^(") = 0, where T'^^") and denote 
the torsion and the curvature tensor of the minimal connection V^^"-* respectively, and its 
intrinsic torsion ^ is a homogeneous structure |21) . 

The tensor fields T'^^") and are G-invariant and they are given by 

r^(")(X,y) = -[X,YU, i??^) = ad[x,r],. (4.13) 

The canonical almost complex structure of a Riemannian 3-symmetric space is quasi- Kdhlerian 
(^ satisfies (,xY -\-^jX'JY = 0, for all vector fields X, Y) and it is nearly Kahlerian if and only if 
{G/K,g) is a naturally reductive homogeneous space with adapted reductive decomposition 
g = m© t |i9j. In general, a homogeneous Riemannian manifold (M = G/K,g) is said to 
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be naturally reductive, or more precisely, G-naturally reductive, if there exists a reductive 
decomposition g = m © t satisfying 

{[X,YU,Z) + {[X,ZUY) = Q, 

for all X,Y,Z ^ m, where (•, •) is the inner product induced by g on m. From Proposition 14.11 
and ()4.13p . the intrinsic torsion of a naturally reductive 3-symmetric space is determined by 

S^^Y = -'^[X,YU, X,Yem. (4.14) 

Remark 4.3. The converse of Proposition 14.11 also holds (see [6] for a proof): A quasi- 
Kdhlerian homogeneous manifold {M = G/K,g, J) such that the minimal connection coincides 
with the canonical connection with respect to a given reductive decomposition q = m(B i is a 
3-symmetric space. 

Next we display a characterization result for naturally reductive 3-symmetric spaces which 
is well-known. 

Proposition 4.4. If (M,g,J) is a complete, connected and simply connected nearly Kdhler 
manifold, then the following conditions are equivalent: 

(i) M is a ^-symmetric space and J is the canonical almost complex structure; 

(ii) {VxR)xjxxjx = 0, for all X G X(M); 

(iii) the intrinsic torsion ^ is a homogeneous structure; 

(iv) V^'-'^^R = 0; 

(v) V^(")i?^(") = 0; 

(vi) {\/xR)yz = R/ixYz + Ry^xZ - i^x, Ryz]- 

Proof, (i) <^ (ii) is a consequence from [9, Theorems 4.6 and 4.7 and Corollary 3.11]. (i) =^ (iii) 
is satisfied for any Riemannian 3-symmetric space (see Remark I4.2p . Because V^^^^g = 
yU(n)^ = 0, we get (in) 44> (iv) 44> (v) <^ (vi). Finally, since ^xX = and ^xJ = -J^x, 
(vi) (h). □ 

The group J{(M) of holomorphic isometrics of a Riemannian 3-symmetric space (M, g) with 
respect to its canonical almost complex structure acts transitively on M |9l Theorem 4.8]. 
Therefore, M can be written as the coset space G* /K*, where G* is the identity component 
5{o(M) of !K(M) and K* is the isotropy subgroup of a point o of M. The triple (M = 
G* / K* , a* ,{■,■)), where a* is the map sending g to 9o°g°9~^, for g £ G*, and (•,•) is the 
inner product determined by 5 on m = TqM, satisfies (1), (2) and (3). Thus G* /K* becomes 
into a 3-symmetric coset space [9l Theorem 5.4]. We may also consider the closure Cl{{9p}) 
of the group generated by the set {9p \ p £ M} in 'K{M). From Proposition 14.11 and |14^ 
Theorem 11.32], C\{{9p}) coincides with the transvection group of the affine reductive space 
(M, V'^^")). It is a normal subgroup of J{(M) and acts transitively on M. Hence, if we denote 
by G the identity component of Cl({^p}) and K its isotropy subgroup at o, we have another 
3-symmetric coset expression G/K for M with corresponding automorphism a of order 3 
given by cj = a*^^. 

Theorem 4.5. Let {M = G/K, a, {■, •)) be a simply connected Riemannian 3-symmetric space 
and J its canonical almost complex structure. Suppose that G is connected semisimple and 
acts effectively on the coset space M = G/K. Then we have: 
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(i) The holonomy group Hol(V^^"^) of the minimal connection V'^'-"-' coincides with the 
isotropy subgroup K, as acting by the adjoint representation. 

(ii) G is the identity component of the transvection group Cl{{0p}) o/(M, V^^")). 

(iii) If the identity component Ko{M) of the group of holomorphic isometrics of {M,g,J) 
is semisimple, then G = 'Ko[M). 

Proof. From Proposition 14. H the Lie algebra f)o[(V^*^"^) of the holonomy group Hol(V^('^)) 
(with reference point at the origin o) is spanned by all endomorphisms of the form : 

U(n) 

for all X,Y £ TqM. Moreover, under the canonical identification of m with TqM, Rxy 
can be expressed as ad[x,y]f, for all X,Y £ m (see Remark 14. 2p . Since the linear isotropy 
representation of K in the tangent space TqM is faithful, [)o[(V^'^"'') coincides precisely with 
the subalgebra of t generated by all projections [X, Y]^, X,Y £ m. 

The subspace n = m + [m, m] is an ideal of q. Since g is semisimple, we can consider the 
orthogonal complement a of n in g with respect to the Killing form. Then a is also an ideal 
and is contained in t. Since G is effective on M, we conclude that a reduces to and = n. 
Now, because M is simply connected, and K and Hol(V^^")) are connected, we get (i). From 
here one obtains that G is the transvection group of the affine reductive space (M, V^(")) 
(see [141 Theorem 1.25]). This proves (ii). 

Finally we shall show (iii). Denote by G* the identity connected component 'Ko(M) of 
'K{M) and K* the isotropy subgroup of G* at o = {K}. Since G acts effectively on M, G is 
a Lie subgroup of G* and K C K*. Let g, t, g* and T be the Lie algebras of G, K, G* and 
K*, respectively. 

The symmetry Oq at a is determined by 9o°tt = TT°a, where vr is the canonical projection 
G — >• M. Then we have ^{g) = 9o° g°0~^ , for all g £ G. The extension a* of a to G* becomes 
G* /K* in another 3-symmetric coset space of M (see [H Proposition 5.1]). If G* is semisimple, 
then from (i) K = K* . In a similar way, we obtain g* = m* + [m*,m*]. Taking into account 
that the corresponding (/>* for o"*, (jf = 1 + <7* + (f*)^, satisfies (f)*^^ = 0, one gets m C m* and 
so m = m* . Hence we have g = g* . □ 

Remark 4.6. In the previous Theorem, a tensor field on M is V^^"^ -parallel if and only if it 
is G- invariant |14| Proposition 1.38]. 

Corollary 4.7. Let {M = G/K, a, {■,■)) be a Riemannian 3-symmetric space and J its ca- 
nonical almost complex structure. Suppose that G is a connected, compact Lie group acting 
effectively on M and rank K = rank G. Then we have: 

(i) The holonomy group Hol(V^^"^) of the minimal connection V*^^"^ coincides with the 
isotropy subgroup K, as acting by the adjoint representation; 

(ii) G coincides with the identity component of the group of holomorphic isometrics of 
{M,g,J). 

Proof. K is connected and M is simply connected |i23i. Proposition 4.1]. Moreover, because 
K contains the center of G and the action is effective, it follows that G is semisimple. Then 
(i) is proved by using Theorem 14.51 (i) . 

Next we can consider the decomposition M = Mi x • • • x M^, where Mi = Gi/Ki, G = 
Gi X ■ ■ ■ X Gr, K = Ki X ■ ■ ■ X Kr, being Gi, i = 1, . . . , r, the simple normal subgroups of 
G and Ki = K D Gi. Because rank Gi = rank Ki, i = 1, . . . , r, it follows that each Mi is an 
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irreducible 3-symmetric space with associated inner automorphism fij, where a = aiX ■ ■ ■ x ar, 
and hence, a is also an inner automorphism. Denote as before by G* the identity connected 
component "KoiM) of 'K{M), K* the isotropy subgroup of G* at the origin and g* and t* the 
corresponding Lie algebras. Then the extension a* of a to G* is also an inner automorphism 
of order 3 and so, rank G* = rank K* . Hence G* must be semisimple and (ii) follows from 
Theorem 14.51 (iii) . □ 

5. Compact irreducible 3-symmetric spaces 

We shall also need some general results of complex simple Lie algebras. See for more 
details. Let qq be a simple Lie algebra over C and [}c a Cartan subalgebra of Qc- Let A 
denote the set of non-zero roots of Qc with respect to f)c and H = {ai, . . . , ai} a system of 
simple roots or a basis of A. Because the restriction of the Cartan-Killing form B of qq to 
()C X f)c is non-degenerate, there exists a unique element Ha G f)c such that B{H, H^) = a{H), 
for all G f)c. Moreover, we have f)c = X^aeA '^-^a ^ strictly positive definite on 
= SaeA^-^a- (c^j /?) = B{Ha^Hp). We choose root vectors {-EajaeAj such that for 
all a, /3 G A we have 

' [Ea, E_a] = Ha, [H, Ea] = a{H)Ea, for H G t)c; 

< [Ea,Ei3]=0, ifa + /3/Oanda + /30A; (5.15) 

^ [Ea,E,3]=Na,isEa+p, ifa + peA, 

where the constants Na,i3 satisfy Na,i3 = —N-a,-i3, ^a,p = —Ni3,a- If a, /3, 7 G A and a + /3 + 
7 = 0, then 

Na,p = Np^^ = iV^,„. (5.16) 
Moreover, given an a-series /3 + na {p < n < q) containing ^, then 

iNa,pf = ^^^^{a,a). (5.17) 

For this choice, if a + /? 7^ 0, then E^ and Ej^ are orthogonal under B, B{Ea, E-a) = 1 and 
we have the orthogonal direct sum 

0C = tic + EaeA 

Denote by A"*" the set of positive roots of A with respect to some lexicographic order in 11. 
Then each a G A"*" may be written as 

where nj(a) G Z, nj(a) > 0, for alH = 1, . . . , Z. The M-linear subspace g of gc is given by 

is a compact real form of Q£, where f) = "^^eA ^V~^Ha and = E^ — E^a = and 
[/I = ^/^{Ea + E_a) = Ula- Next, we put A^^,^^ = if a + /3 A. Then iV„_^ / if and 
only if a + /3 G A and, using (|5.15p . one gets 

Lemma 5.1. For all a,l3 £ A^ and a = 0, 1, the following equalities hold: 

(i) [U^,V^Hp] = {-ir+^{a,l3)U-+^; 

(ii) [U!i,U^] = 2V^Ha; 
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(5.18) 



Type a rrii n(//) 

A^I Ad 2.v^„ 1 {afc G n I / i} 

A3II Ad (ff.+H) mi = nij = 1 {ak £U\k ^i, k ^ j} 

expiTTV — 1 3 — — 

A3III Ad 4.y^f, 2 {afc G n I / i} 

Ad,^p2^^^^ 3 {ak£U\k^i}U{-^L} 

Table 1. 

(hi) [U^, U'^] = i-ir'N^^^U^X'f, + (-l)"+''A^-a,/3t/^5, where a^f3 anda<b. 
For each \J—1H G f), it imphes that 

A compact irreducible Riemannian 3-symmetric space (M = G/K, a, {■,■)) has one of the 
following forms [23j: 

Type A3 : G is a compact connected simple Lie group acting effectively and a is an inner 
automorphism on the Lie algebra g of G. 

Let fj, = Yl\=i "^i^^i be the highest root of A and consider Hi i = \^ . . . ^l, defined by 

aj{Hi) = —6ij, i,j = l,...J. 
rrii 

Note that 

[V^H„ [/«] = (-l)«!^[/-+i. (5.19) 

m 

Following |23| Theorem 3.3], each inner automorphism of order 3 on gc is conjugate in the inner 
automorphism group of qq to some a = Ad^^p 2^^^/^^^ , where H = ^rriiHi with 1 < m-j < 3 
OT H = \{Hi + Hj) with rrii = fnj = 1- Then there are four classes of cr = Ad^^p 27^^/^!/^ with 
corresponding simple root systems Ii{H) for g^, Types A^.I-A'ilV given in Table [TJ Denote 
by A"'"(i?) the positive root system generated by Ii{H). Then we have \] <Zi = and 

Because B{UI^,Uj^) = -25ap6ab, it follows that {U^ | a = 0, 1, a G A+ \ A+{H)} becomes 
into an orthonormal basis for (m, (•, •) = — ^S|n,). 

Type B3 : G is a compact simple Lie group and the complexification gc of g is of Dynkin type 
04 and a is an outer automorphism on g. 

Type C3: G = L X L X L, where L is a compact simple Lie group and cr on g = [ © [ © [ is 
given by a{X, Y, Z) = {Z, X, Y). Here t = = {{X, AT, X) G g | X G [}. 

Lemma 5.2. If a is of Type A3, then J defined as in (j4.1ip satisfies 

JUl = e{a)Ul JUl = -e{a)Ul, 

for all G A+ \ A+(i/), where e{a) = ±1. 
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Proof. Let \J—1H G such that a = Ad^^^p 2^^/31^;/ as before. For each a G A+ \ A+(i7) 
we have a{H) = ^ni{a)^ ii H = ^rriiHi, 1 < < 3, and a{H) = |(nj(a) + nj{a)), if 
H = \{Hi + Hj)^ rrii = rrij = 1. Hence it fohows that the possible values for a{H) are ^, | 
and 1. But a{H) 7^ 1, because if a{H) = 1 one obtains from (I5.18P that o'{U^) = U^. Then 
the result follows directly using (I4.1ip . □ 

Next we give the classification of all compact irreducible simply connected 3-symmetric 
spaces. 

Theorem 5.3. If{M,g) is a compact irreducible simply connected 3-symmetric space, then 
there exists a unique 3-symmetric quotient expression G/K for M where G is a compact 
connected Lie group acting effectively on M. In particular, G is the identity component of the 
group of holomorphic isometrics of (M, g) with respect to the canonical complex structure and 
K is the holonomy group of the minimal connection. The pairs (G, K) are given in Tables 

EM 

Proof. Let (M = G/K, a, {■, •)) be a compact irreducible simply connected 3-symmetric space. 
If a is of Type A^, the result follows from Corollary 14. 71 If a is of Type B-^ or C3, Tojo proves in 
[20] that the identity component of the isometry group coincides with G and so, G = 'Ko(M). 
For the lists of the pairs {G,K), see [231 Section 6]. □ 

Remark 5.4. If {M,g) is not isometric to a symmetric space, G must be the identity com- 
ponent of the isometry group [20] . 

In Tables, G/'Ln denotes the quotient of G by a central cyclic subgroup of order n. Irre- 
ducible 3-symmetric spaces of Type A^^I are Hermitian symmetric spaces (Table [2]). Another 
important class of homogeneous spaces is that of flag manifolds. These are manifolds of the 
form G/K, where G is a compact Lie group and K is the centralizer of a torus of G. Then 
irreducible 3-symmetric spaces of Type A^^I, together with those of Type A^^II (Table [5]) and 
of Type A^III (Table [6]) are examples of flag manifolds and moreover, because G is semi- 
simple -in fact, simple- they are all compact Kdhlerian G -spaces. Although rank G = rank K 
also for irreducible 3-symmetric spaces of Type A^IV (Table [3]), the isotropy subgroup K is 
not the centralizer of a torus. Here K is semi-simple and its center has order 3 [23] . 



6. Proof of Theorem 11.11 

We shall need some previous results. First, recall that {M, g,J) in Theorem 11.11 is a 
compact naturally reductive 3-symmetric space equipped with its canonical complex structure. 
So, in what follows, we always focus on simply connected irreducible 3-symmetric spaces 
(M = G/K, a, (•,•)) as in Theorem 15.31 which are not of Type ^43/. Moreover, the homogeneous 
Riemannian manifold {M = G/K,g) is supposed to be naturally reductive with adapted 
reductive decomposition g = m or equivalently, the canonical Hermitian structure (J, g) 
is (strict) nearly Kahler. According with [8j, the inner product (•, •) is then the restriction to 
m of a bi-invariant product on g. Because g is semisimple, we take (•,•) = —^B\^, where B 
denotes the Killing form of g. 

The differential of the isotropy action, i.e. the action of ii' as a subgroup of G, determines 
a linear representation of K on the tangent space TqM at the origin 0, called the isotropy 
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G 




K 




n > 2 


S([7(r) X !7(n-r))/Z„ 


S0{2n + 1) 


, n > 2 


S0(2n - 1) X S0(2) 


Sp{n) /Z2, 


n > 3 


!7(n)/Z2 


SO(2n)/Z2 


, n > 4 


{S0(2(n- 1)) X SO(2)}/Z2 


SO{2n)/Z2 


, n > 4 


C/(n)/Z2 


Eq/Z 


'3 


{SO(IO) X SO(2)}/Z2 


E7/Z 


'2 


{Eg X Ti}/Z3 



Table 2. Type Hermitian symmetric spaces 



G 






G2 


SI7(3) 




F4 


{S!7(3) X S!7(3)}/Z3 




Eg/Zg 


{S;7(3) X SC/(3) X SI7(3)}/{Z3 x 


Z3} 


E7/Z2 


{SC/(3) X [S;7(6)/Z2]}/Z3 




Eg 


{SC/(3) X E6}/Z3 




Eg 


S[/(9)/Z3 




Table 3. Type A^IV 




G 






Spin{8) 


S[/(3)/Z3 




Spin (8) 


G2 




{L X L X L}/Z(L) 


L/Z(L) 


Z{L) is the center of L embedded diagonally 




Table 4. Types B^, and C3 



representation which, mider the identification TqM = m, corresponds with the adjoint rep- 
resentation Ad{K) of K on m. Using Theorem I5.3| the isotropy subgroup K is precisely the 
holonomy group of the minimal connection V^'-""-'. Hence the holonomy representation of 
\/U(n) coincides with the isotropy representation. 
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Proposition 6.1. A compact irreducible Riemannian symmetric space (M = G/K,a, {■, •)) 
of Type A^IV, or C3 is complex isotropy-irreducible. Moreover, the isotropy represent- 
ation is real irreducible, i.e. {M,g,J) is homogeneous NK Type I if and only if (M = 
G/K, a, {■, •)) is of Type A^IV or the universal covering of M is holomorphically isometric to 
Spin(8)/[S[/(3)/Z3]. 

Proof. On irreducible 3-symmetric spaces of Type A^IV, the Lie subalgebra t of g is maximal. 
Then they are isotropy-irreducible spaces (see [21 Ch. 7]). Also Spjii(8)/[SC/(3)/Z3] is isotropy 
irreducible by using a Wolf's result (see [21 Proposition 7.49]). 

Next we consider the 3-symmetric space Spin(8)/ G2 of Type B^,. Let gc be the complex 
Lie algebra of type 



1 2 



^4 : ai 02 



1 

o 

as 

1 

o 

04 



A set A"*" of the positive roots is given by 

A+ = {oj (1 < i < 4), ai -I- a2, "2 + "2 + "4, «! + "2 + 

ai + a2 + 04, "2 + 03 + "4, ai + a2 + az + a4,iJ. = ai + 2a2 + as + a4}- 

Let s : n — )• n be the symmetry on H = {ai, . . . , 04} given by 02 1— ?• 02, ai 1— >■ 03 1— )■ 04 1— t- ai 
and a the linear transformation of O4 defined by a{Ha) = -f^s(a), cr(Ex) = Eg(^x)^ where 
{Ha, Ex : a GH, AeAjisa Weyl basis of 04 and s is extended to A by linearity. Then the 
set of fixed points of a on 1)4 is a complex Lie algebra of type Q2, where a Weyl basis is given 

by 

E±ai + E±a3 + E'-i-Q^, £'_|_(-Q,^+Q,2) + -^±(02+03) + -^±(02+04)' 
-^±(01+02+03) -^±(02+03+04) ~^ -^±{oi+02+a4)}' 

Hence the corresponding real form ^ = g"" is generated by 

{\/ — lHa^, ^/ — l{Ha^ + H^^ + H^^); ?7q2' ^01+02+03+04' ^ai+202+03+04' 

Tja I Tja _|_ Tja jja i jja 1 jja jja 1 jja i jja \ 

^ ct\ ' ^03 ' '-^04' '-^01+02 ^02+03 ' "-^02+04' '-^01+02+03 ' "-^02+03+04 ' '-^01+02+04/1=0,1 

and on m = (g'^)"'", an orthonormal basis with respect to (•, •) = —^B\^ is given by 

{h, e":; Jh, Je"; \ i = 1, 2, 3; a = 0, 1}, 

where 

e? = 73(f^oi - U^s)' J^l = Te^^^i + - 2f^o4)' 

^2 = 72^^^i+°2 ~ ^02+03)' "^^2 = :7e(^oi+Q2 + ^02+03 ~ ^^02+04)' 

a _ J_(Tja —TT°- \ Tp'^ = J—(T["- -i-Tl'^ —911'^ \ 

3 ^V"-^ 02+03+04 "-^01+02+04/' '^^3 ^V"-^ 01 +Q2 +04 "-^02+03+04 ^"-^01+02+03^- 

Put £ = M{h;ef | i = 1,2,3; a = 0,1}. Using Lemma l5.ll one can check that £ is Ad(G2)- 
invariant and m = £ © J£ is an orthonormal decomposition into invariant and irreducible 
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subspaces under the isotropy representation of G2. From here, Spin(8) / G2 is complex isotropy- 
irreducible but not real isotropy-irreducible. 

Finally, let (G/K, a, (•, •)) be a compact 3-symmetric space of Type C3, i.e. G = {L x L x 
L}/Z(L), where L is a compact simple Lie group and simply connected, Z{L) is its center 
embedded diagonally and cr on g = [© I© I is given by a{X, Y, Z) = (Z, X, Y), where X, Y, Z 
belongs to the Lie algebra [ of L. Here t = q'^ coincides with [ embedded diagonally. Let A"*" 
be a system of positive roots of Iq. Then an orthonormal basis on m = {q'^)'^ with respect to 
(•,•) = is given by 

{ha, e^; Jha, Je^ | a G A+; a = 0, 1}, 

where 

ha = ^rr^ {Ha-, —Ha, 0), Jha = -^=={Ha,Ha,—2Ha), 

C = Je% = -^^m,U-,-2U-). 

Hence we have the orthogonal decomposition m = £ © J£, where £ = M{/iQ,;e^}. £ and 
J£ are Ad(AG)-invariant subspaces naturally isomorphic as vector spaces with the Lie al- 
gebra [. Because [ is simple, it follows that these subspaces are irreducible under the isotropy 
representation. □ 

Proposition 6.2. // (M = G/K, a, {■, •)) is an irreducible 3-symmetric space of Type A^^II 
or Type A^III, then (M, g, J) has special algebraic torsion. Moreover, if it is of Type A-^II, 
then {M, g,J) is homogeneous NK Type III. 

Proof. If a is of Type A^II then rrii = mj = 1 {H = \{Hi + Hj)), for some i,j G {1, ...,?}, 
i < j. Put 

Ap,g = {a G A I ni{a) = p, nj{a) = q}, 0<p,q<l. 
Then A(H) = Aq q. Consider the subspaces of m : 

Vi = R{U^ I aG A+i; a = 0,1}, 

V2 = M{C/^ I a G A+o; a = 0, 1}, (6.20) 

V3 = M{U^ I aG A+,; a = 0,1}. 

Then m = Vi © 'V2 © V3 is an orthogonal decomposition which is stable by J. Concretely, 
from Lemma EJ one gets JC/^ = {-1)"+'^ U;^+\ for all a G Af^^, and JU^ = (-l)'^C/5+\ 
for all a G A^^q U Aq-^^. We shall show that these subspaces are Ad(i(')-invariant. Since K is 
connected, it is equivalent to show that 

[«,Vfc]cVfc, A; = 1,2, 3. (6.21) 

Let a G A+{H) and /3 G A+ \ A+{H). If a ± /? G A, then mia ± (3) = ±nj(/3) and 
nj{a lb /3) = ibnj(/3). Hence, using Lemma [5.H we obtain (j6.2ip . 

If a, /3 G A+g, for < p, g < 1 with (p, q) / (0, 0), then a + /3 ^ A, and if a - /3 G A then 
a — /? G A{H). Hence ["^^,"17^] C t, k = 1,2,3. Using again Lemma [5TT| we get [V^, V,.] C V^, 
where {k,r,s) is a permutation of (1,2,3). Now using (j4.14p we can conclude 

ev.Vfc = 0, ev,v, c V,. 

It means that (M = G/K, g, J) is homogeneous NK Type HI (see Proposition 13.14] (i)). 
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Next suppose a is of Type A^III. Then mj = 2 {H = ^Hi), for some i = 1, . . . ,1. Put 

A+ = {a G A+ I riiia) =p}, p = 0, 1, 2. 

Then A{H) = Aq. Consider the subspaces of m : 

:K = M{f7^ I Q G A+, ;a = 0, 1}, V = M{C/^ | a G A+; a = 0, 1}. (6.22) 

Then m = V © [K is an orthogonal decomposition stable for J : One gets JU^ = { — 1)"'U^~^^ , 
for a G Af, and JU^ = {—1)"'^^U^'^^, for a G A^. A similar proof as before shows that such 
a decomposition is Ad(i^)-invariant. Moreover, if a,/3 G A^ and Q + /3 G A, then a + /3 G A2, 
and if a — /3 G A, then a — /3 G A{H). Hence Lemma l5.ll implies [!K, !K]m C "V. Finally, if 
a, /3 G A^ one gets that a + /3 ^ A and if a - /3 G A, then a - /3 G A(F). It gives [V, V] C t. 
From here ^yV = and ^jf^K C V. It proves the result. □ 

Remark 6.3. Systems of roots of each complex simple Lie algebras are explicitly given in 
the last section. See also 1111. 



Now we need to recall the following basic results. As in Section 5, we consider a simple Lie 
algebra gc over C and vr = {ai, . . . , ai} a system of simple roots with respect to a Cartan 
subalgebra. Let /i = Yl\=i iTT-iO^i be the highest root in the set of non-zero roots A generated 
by TT. 

Lemma 6.4. Ifap,aq G vr are adjacent in the Dynkin diagram of Q£, connected by rip^q arcs 
and ap is of higher or equal length to aq, then 

2 Q^p/ — 2 



Proof. It follows taking into account that Up^q = ^ ^ , {ap, ap) = Up^q^aq, aq) and the 

scalar product of two adjacent simple roots is negative. □ 

Lemma 6.5. Suppose that on gc, rrip = 2, for some p G {1, ...,/}, and there exists /3 = 
X^i=i S A+ such that np(/3) = 1. We have: 

(i) if {13, ap) = k, then 13 = ap; 

(ii) if f3 ^ ap, then {(3,ap) = 0, or {(3,ap) = |, or {/3,ap) = -|, 
where k = {ap,ap). 

Proof. As the weight of ap in the highest root is 2, then using the terminology in [111 Lemma 
3.3] we have 

{ap, ap) 

If Qp is of length higher or equal to its adjacent roots, then ap has at the most three adjacent 
simple roots a^, aj and a^. Therefore, taking Lemma [6.41 into account, we obtain 

ni(/3) + n,-(/3) + nfc(/3) - 2 < 1. 

Thus, ii 13 ^ ap, then we have the following alternatives: 

nj(/3) = 1 and nj{f3) = nk{l3) = 0, then {13, ap) = |; 
ni{(3) = 2 and nj{f3) = nk{(3) = 0, then (/3, ap) = 0; 
- miP) = 2, n0) = 1 and nfc(/3) = 0, then (/3,Qp) = -|; 
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- nj(/3) = 3 and nk{f3) = 0, then {13, ap) = — |. 
Hence if (/?, Up) = k, then necessarily /3 = Qp. 

If Op is of length shorter than some adjacent root, then there are two possibilities: Q£ = b; 
and ttp = ai, or gc = C/ and Qp = 

If 0C = ^'i s-iid Op = a/, then ai has only one adjacent simple root ai-i. Therefore, we 
obtain 2n/_i(/3) — 2 < 1. Thus, if /3 7^ a/, then ni-i(f3) = 1 and a^) = 0. Hence, if we have 
a positive root /? = ••• + a;, such that (/3, ai) = k, then necessarily /3 = a;. 

If gc = ci and Qp = ai-i, then Q^-i has two adjacent simple roots ai-2 and a/. Hence we 
obtain n/_2(/3) + 2n/(/3) — 2 < 1. Thus, if /3 7^ c^z-ij we have the following alternatives: 

- "-/-2(/3) = 1 and ni{f3) = 0, then (/3, a/_i) = ^; 

- n/_2(/3) = 2 and ni(/3) = 0, then (/3, a/_i) = 0; 

- ni-2{/3) = 1 and ni{{3) = 1, then (/3,a/_i) = -|. 

Therefore, in this case, if we have a positive root /3 = • • • + a;_i + . . . , such that (/3, aj_i) = k, 
then necessarily /3 = a^-i. □ 

Proposition 6.6. If (M = G/K, a, {■,■)) is an irreducible symmetric space Type A3III, 
then (M, g, J) is homogeneous NK Type IV. 

Proof. Let Qj be the simple positive root which defines the inner automorphism a. We consider 
an Ad(i<r)-invariant subspace Jii of Ji. For /3 G A^*' and {ai, ai) = k, by Lemma [6.51 we have: 
/3 = Qj or {13, ai) = 0, or (/3,Qi) = | or (/3,ai) = -|. 
If X G :Ki , then JX G 1 and X is given by 

^ = l^a=0,l (^a;a,^a, + Z]/3eA+ ,UA+ , UA+ , )' 
V 1(0) i{^) l(-^) ^ 

where A^^^ = {/3 G | {f3,ai) = c}. Now, taking Lemma [5. II into account, it is obtained 

'l^^d{^H^^)\X) = Ea=0,l(-2'x.;„,C/^^-E;3eA+, ^a;/3f/^" + E/3eA+ , 
^ad(V^/7,J^(X) = Ea=0,l(2%«.f^S.+E/36A\ ^a;/?C/^"-E^eA+ , 

This implies that Z = xoo^ C/^^ + ^lat U^. G ^1 and JZ G JCi . 

If Z 7^ 0, we also obtain U^.,U^. G Jti- This implies JCi = because "Ki is Ad{K)- 
invariant. 

If Z = 0, then [/^., {7^^. G ^{2, where ^{2 is the orthogonal complement oi!Ki in "K. Since ^2 
is also Ad(-fC)-invariant, then 'K2 = and CKi = 0. Hence is complex Ad(i(')-irreducible. 
Therefore, using Proposition 13.141 (ii). J{ is real Hol(V^^"^)-irreducible and the nearly Kahler 
manifold M is homogeneous NK Type IV. □ 



Now Theorem 11.11 is a direct consequence from Theorem 15.31 and Propositions 16.11 16.21 and 
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7. Homogeneous nearly Kahler manifolds with special algebraic torsion 

In this section we obtain the eigenvalues {I, k, m) of r and the dimensions of the corres- 
ponding eigenbundles for each irreducible homogeneous nearly Kahler manifold with special 
algebraic torsion. From Theorem using [16' Theorem 4.1], we have 

Corollary 7.1. A strict homogeneous nearly Kahler manifold has special algebraic torsion 
if and only if it is a Riemannian product of compact irreducible 3-symmetric spaces of Type 
A3II and Type A3IIL 

We start studying irreducible 3-symmetric spaces of Type A3II. First, we shall show that 
each Vfc, k = 1,2, 3, defined in (j6.20p is an eigenspace of r in m. Given a subset S of A+ and 
a G A, we denote by na{§) to the number of elements in{/3GS| l3 + a G A and /3-|-2q ^ A}. 

If the inner automorphism a is of Type A3II, the complex simple Lie algebra gc is CLn-i 
(n > 3), dn (n > 4) or eg- Here, {a, a) is constant, for all a € A, which we shall denote by k. 

Lemma 7.2. On irreducible compact 3-symmetric spaces of Type A3II we have: 
riU-) = 2^n_,(A+o)C/« = 2Acn_,(Ao+,))C/«, 
r{UI) = 2Kn_piAl,)U^ = 2KnpiA+,))U^, 
r{U^) = 2Kn_^(A+i)?7^" = 2/^n^(A+o))[/^^ 

where a G ^11, P S A^q and 7 G ^01, md a = 0, 1. In particular, note that n_Q,(A^Q) = 
n_Q,(A^^)) = ci, n_/3(A^^) = ^/^(A^i)) = C2 and n_^(A^i) = n^{A'l^Q)) = C3, where ci, C2 
and C3 are integral numbers independent of a, (3 and 7, respectively. 

Proof. Because, one gets: 

• a + (5 ^ A and if a — /? G A then a — /3 G Ao,i, 

• a -|- 7 ^ A and if a — 7 G A then a — 7 G Ai^Oi 

• /3 - 7 ^ A and if /3 7 G A then /3 7 G Ai^i, 

(j4.14p and Lemma [5 . 1 1 implies 



'p 2 — ^f^S'^7 2 — ~ 2~^^ 



being zero for the rest. Hence U^, and [/" are eigenvectors for r. Moreover, we have 

d2 ttO _ rrO e2 rrO _ ^^IhSLTjO 

t2 ttO _ ttO t2 rrO _ "-7,c ttO 

7 ~ 4 7' — 4 "-^cn 

e2 rrO _ ttO c2 ttO _ ttO 



"/3 

and the others being zero. Hence, using Lemma [3.12[ we have 

{rU'^,U^^) = 4E;3eA+„^V = 4E7eA^^-7,- 

(r[/0,t/0) = 4E„eA+,^V = 4E;,eA+„^^|,7- 
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Now Lemma follows taking into account that 

7V!^,, = | ifa-/3GA, iV^^^^ = ^ if a - 7 € A, iV^ ^ = | if /3 + 7 g A, 

for all a G ^ti^ ^ ^I'o ^^'^ ^ ^ ^ti^ ^^'^ being zero in other cases. □ 

Proposition 7.3. On a compact irreducible 3-symmetric of Type A^II, the eigenvalues (/, k, m) 
of r and the dimensions corresponding to the eigenhundles Vi, V2 and Vs, respectively, are 
given in Tahle\^ 

Proof. On a„_i a set A+ of the positive roots is given by 

A+ = {up^q = ap + Qp+i H l-Ogl l<p<q<n-l}. 

Then, for a = A.d^y--p2-Ky/^H^ with H = \{Hi + Hj), 1 < i < j < n — 1, we obtain A+(//) = 
A^(/i')UA^(/7)uA^(/i') where Af (fl") = {ap,g I 1 < p < g < «}, A^(/7) = {ap,g | i<p< 
q < j} and A3 (if) = {ap,g | j < p < q < n — 1}. Then t is of type ai_i©aj_j_i©an_i_j©T^. 
Hence M is the quotient manifold SU{n)/ S{U{i) x U{j — i) x U{n — j)). 

On m = M{C/2 | a G A+ \ A^{H)} we consider the orthogonal decomposition m = 
Vi © V2 © V3, given in (lOOD . where 

^1,1 = I P <'i' < j < q}, 

^1,0 = I 1 < P < ^ < 9 < J}> 

= {ap,g I « < P < J < g < - !}• 

Fixed Q = ap^g G A^'^^^, a root /3 = in A^q satisfies a — /3 G A if and only if p' = p. This 

implies that n_a(A^Q) = j — i. In a similar way we get 

for all a G A||^-^, /3 G A^q and 7 G A^J^-^. Therefore, it follows from Lemma[7]2]that / = 2{j—i)K, 
k = 2{n — j)K and m = 2iK. 

On (n > 4), 1 

o 

^ Q-n 

12 2 ^ 

o o • • • o 

^ 1 

Oin-1 ' 

the automorphism a of Type ^3// is determined hy B. = ^{Hn~i+H„). The other possibilities 
for H, i.e. H = ^{Hn + Hn-i) or H = ^{Hi +Hn), give automorphisms which are conjugated 
with the first one. A set A"*" of the positive roots is given by 

A+={ap (1 < p < n), Op^g {I < p < q < n), Op^g = ap,„-2+ag,n {l<P<q<n, p< n-2)}. 
Then 

A-^{H) = {ap,g il<p<q<n-2)} 

and t is of type an-2©'^^- Hence M is the quotient manifold S0{2n)/{U{n-l) x S0(2)). Next, 
on m = | a G A+ \ A^{H)}, we consider the corresponding orthogonal decomposition 
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m = Vi © V2 ® V3 into the vertical distributions Vj, i = 1, 2, 3, where the corresponding subset 
of positive roots are given by 

^1,1 = I 1<P<9<"-1}, 

^1,0 = I 1<P <"--!}, 

^0,1 = {"n,ap,n| l<P<n-2}. 

Then we have 

n_«(A+o) = n_„(A+i) = 2, 

n_/3(A+i) = n^(A+i) = n_^(A+i) = n^(A+o) = n - 2, 

for all a G A^j^, /3 G ^1^0 ^'^'-^ ^ ^0^1 • Using above lemma, Vi and V2 ® V3 are eigenspaces 
of r with eigenvalues I = 4k and k = m = 2{n — 2)k, respectively. 
Finally, a system of positive roots A+ on eg, 

2 

o 

a2 

1 2 3 2 1 
o o o o o, 

ae as "4 "a ai 

is given by 

A+ = {ai, 02; ap^g {3 < p < q < 6); ai,p, a2,p (4 < p < 6); qi + as^p (3 < p < 6); 

"2 + a4,p (4 < p < 6); 04 + Op^g (p = 1, 2; = 5, 6); ai^ + ap,, (3 < p < < 5); 
"2,6 + "4,5 , ai,5 + 03,4 , ai,6 + 03,5 + a4,fi = aifi + 02,5 + "4} 
and the automorphism a of Type A^II is determined hy H = ^{Hi + Hq). Hence we get 
A^(-ff) = {a2, ttp.g (3 < p < g < 5), 02,4 , "2,5 > "2 + 04, 02 + "4,5 > "4 + "2,5} 

and 

^ti = {"1,6 ,ai + "3,6 ,"4 + ai,6 ,ai,6 + ap,g (3 < p < g < 5),ai,6 + a3,5 + "4,/^}, 
^1,0 = {"ijai.p (P = 4, 5),ai + a3,p (3 < p < 5),a4 + ai,5 ,ai,5 + 03,4}, 

^ctl = {ap,6 (3 < P < 6),a2,6 ,"2 + "4,6 ,"4 + "2,6 ,04,5 + 02,6}- 

Then we have 

Hence it follows from above lemma that r has exactly one eigenvalue I = k = m = 8k. Since 
dim Vi = 2card(A^^), dim "\72 = 2card(A^Q), and dim = 2 card(A^-|^), the dimensions of 
Vi, V2 and ^3 given in Table [5] follow. □ 

Corollary 7.4. On irreducible compact 'i- symmetric spaces of Type A3II, Equation \3.9\ is 
satisfied. Therefore, an irreducible compact 3-symmetric spaces of Type A3II is Einstein 
if and only «/ dimVi = dimV2 = dimV3. Thus, SU{3a) / S{U{a) x U{a) x U{a)) {a > 
1), Eq/{S0{8) X S0(2) X S0(2)) and SO(8)/(!7(3) x S0(2)) are the irreducible compact 3- 
symmetric spaces of Type A3II which are Einstein. 
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G K (l, k, m) dim Vi dim V2 dim V3 

S!7(n)/Z„ S(U(ri) X i7(r2) X i7(r3)) (2r2K, 2r3K, 2riK) 2rir3 2r^r2 2r2r-i 

n = n + r2 + ra 1 < 

SO(2n)/Z2 U(n - 1) X SO(2) (4/t, 2(n - 2)ft:, 2(n - 2)k) (n - l)(n - 2) 2(n - 1) 2(n - 1) 
n > 4 

Es/Zg SO(8) X SO(2) X S0(2) (8k,8«:,8«:) 16 16 16 

Table 5. Type A3II. n = (/i, /U is the highest positive root 



Next, we consider compact irreducible 3-symmetric spaces of Type A-^III. 

Lemma 7.5. On a compact irreducible S-symmetric space of Type A^III such that TM = 
V © [K, if P £ A2 and a G , then we have that 

I = n_^(A+)(/3,/3), k = 2E{,eA+| 7-eA}(7,7) 

are the eigenvalues of r corresponding to the eigenhundles V and "K, respectively. 

Remark 7.6. In particular, if ^ is the highest positive root, we have / = n^f^{A'^){fi, fj,). 
Note that = (a, a), where a is any simple root of maximal length. 

Proof. For a, d G A^^ and /3 G one gets: 

• If a + a G A then a + a G Ag". If a — a G A then a — q G A[H). 

• a + /3 ^ A and if a - /3 G A then /3 - a G A^. 

From here, using (j4.14p and Lemma |5.H we have 

^".«..0 , rrO_ N. 
— Ua+a^ ?C/0t^/3 2 

being zero for the rest. Hence C/^, and are eigenvectors for r. Moreover, we obtain 

/V^ AT^ AT^ 

/:2 rrO _ ^2 rrO _ /:2 ttO _ -l3,a jjO 
ZuO^^a - ^Uo'-'f} 2 ^U'^'-^a ^ 

and the others being zero. Finally, using Lemma l3.12( it follows 

rO ttO\ _ /I , ^r2 _ /i , ^2 



^uoUl = TT-U^+ai CuoU^ = (7.23) 



From this and (j5.17p . taking into account that the — 7-serie, 7 G A^, containing a G A^'" is 
given by {a, a — 7}, we get 

/, = (.C/0,c/0)=2E{,eA+|,-.6A}(7,7) 

Also we obtain 

Z = (rC/0,C/0) = n_;3(A+)(/3,/3). 

□ 
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G K {I, k) dim V dim IK 



n > 2 


Ut^^J X Owl^Zl^Tl — I) -t IJ, 

i > 1 




JJ + ijh,, (^l— ijKj 




zzyzyTi — zj -\- L 


Sp(n)/Z2, 
n > 2 


X Sp(n-i))}/Z2, 
1 <i <n 


(2(n 


— i)K, (i + !)«:) 


j(j + l) 


4i(n — i) 


SO(2n)/Z2, 
n > 4 


X SO(2(n-i)))}/Z2, 
2 < i < n — 2 


(2(n 


— i)K, (i — !)«;) 


i(i - 1) 


4i(n — i) 


G2 


17(2) 




(4fi:, 2fi:) 


2 


8 


-F4 


{Spm(7) X T }/Z2 




{4:K, 7k) 


14 


16 


Fa 


{Sp(3) X Ti}/Z2 




{Uk,2k) 


2 


28 




{S(U(5) X U(l)) X SU(2)}/Z2 




(12k, 6k) 


10 


40 


Eg 7^3 


{[S!7(6)/Z3] X Ti}/Z2 




(20k, 2k) 


2 


40 


E7/Z2 


{Sl/(2) X [SO(IO) X SO(2)]}/Z2 




(16k, 10k) 


20 


64 


E7/Z2 


{S0(12) X SO(2)}/Z2 




(32k, 2k) 


2 


64 


E7/Z2 


5(1/(7) X U(l))/Z4 




(20k, 8k) 


14 


70 


-Eg 


S0(14) X SO(2) 




(32k, 14k) 


28 


128 


Eg 


{E7 X Ti}/Z2 




(56k, 2k) 


2 


112 



Table 6. Type A^III. n = (^,^), is the highest positive root 



Proposition 7.7. On a compact irreducible 2>- symmetric of Type A^III, the eigenvalues {I, k) 
of r and the dimensions corresponding to the eigenbundles V and "K, respectively, are given 
in Tahle\^ 

Proof. In next Section the corresponding Dynkin diagrams are displayed. Moreover, the sets 
A^, and A^ are given. Likewise, on each case, it is fixed the element H which define 
the inner automorphism a. From that information and using Lemma 17. 5| Table [6] can be 
completed (we recommend the use of some adequate software for further checking, see LlE in 
http : / /www-math . univ-poitiers . f r) □ 

Corollary 7.8. On irreducible compact 3-symmetric spaces of Type A-^III, Equation \3.8\ is 
satisfied. Therefore, a compact irreducible 3-symmetric spaces of Type A^III is Einstein if 
and only if 2dimV = dimK. Thus, S0{6a - l)/(!7(2a) x S0{2a - 1)), a > 2, Sp{3a - 
l)/{U{2a-l) X Sp(a)), a > 1, and SO{6a + 2)/{U{2a + l) x SO{a)), a>2, are the irreducible 
compact 3-symmetric spaces of Type A^III which are Einstein. 

The quotient ^ measures how much the nearly Kahler metric of a compact irreducible 3- 
symmetric space of Type A^III deviates to be an Einstein metric. When the fibers of the 
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canonical fibration is two-dimensional, it is known that the base manifold is quaternionic 
Kahler |16| of dimension 4a, a > 1. 

Lemma 7.9. //dimV = 2, dim M = 2n and n = 2a + 1, then 

l = {n-l){fi,fi), k = 2{fi,fx). (7.24) 

Therefore, i = ^ = a. 

Proof. Our hypothesis is equivalent to = {^}. In this case, since 1 < n_a(A^) < ^1^^ = 
1, yu — a G A^, for all a G A^. Hence 

n_^(A|) = card (A|) = ^ dim J{ = n - 1. 

□ 

Then these twistor spaces are classified on terms of the quotient ^ as follows: 

Proposition 7.10. Let {M = G/K, a, {■,■)) be a compact irreducible 3-symmetric space of 
Type A3IIL We have: 

(i) ^ = 1, i-e. the metric is Einstein, if and only if M is the six- dimensional 3- symmetric 
space CP^. 

(ii) ^ = 2 if and only if M is one of the IQ- dimensional S-symmetric spaces: CP^, 
SO(6)/(;7(2) X S0(2)), G2/C/(2). 

(iii) 1 = 771, form > 3, if and only if M is CP^'^+i or SO{m + 4)/(!7(2) x SO{m)), with 
the following four exceptions: ^ is 7 on F4 /(Sp(3) x S0(2); 10 on Eq /(S^/(6) x T^); 
16 on E-j /(S0(12) x S0(2)) and 28 on Eg /{Ej x S0(2)). 

Remark 7.11. Here the complex projective space CP^™"*"^ is consider as the 3-symmetric 
space Sp{m + 1)/(C/(1) x Sp{m)) equipped with the standard Sp{m + l)-metric and not with 
the symmetric Fubini-Study metric. 

Remark 7.12. If an irreducible nearly Kahler manifold with special algebraic torsion is 
Einstein and non-homogeneous, then it must be a twistor space over a positive quaternionic 
Kahler manifold [16j. In such a case, by results due to Alexandrov et al. |[lj, the manifold 
has to be six-dimensional. On the other hand, we have already mentioned in Section [1] 
the Hitchin's result claiming that any positive quaternionic Kahler manifold of dimension 
four is symmetric [12j. This implies that the corresponding six-dimensional twistor space 
is homogeneous. Therefore, Corollaries 17.41 and 17.81 contain the complete list of irreducible 
nearly Kahler manifolds with special algebraic torsion which are Einstein. The remaining 
irreducible simply connected homogeneous strict nearly Kahler Einstein manifolds are the 
compact irreducible 3-symmetric spaces of Types A^IV , and C3 (Tables [3] and H]) . The 
only possibility for non-homogeneous irreducible strict nearly Kahler Einstein manifolds is to 
be six-dimensional and V^("^-holonomy real irreducible. 

8. Canonical fibrations 

The notion of Lie triple system given in the theory of symmetric spaces to construct totally 
geodesic submanifolds can be extended to naturally reductive spaces in the following way |19] . 
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Definition 8.1. Let (M = G/K,g) be a naturally reductive homogeneous manifold with 
adapted reductive decomposition g = m © fi. A subspace u oi m such that [i/, z/]m C v and 
[[z/, i/]t, z^] C is said to be a Lie triple system (L.t.s) of m. 

Since m is Ad(i<')-invariant and using the Jacobi identity, it follows that f) = z/ © [z^, v]^ is a 
Lie subalgebra of g. Denote by H the connected Lie subgroup of G with Lie algebra f). Then, 
by a similar way than for symmetric spaces (see [TI] Theorem 7.2, Ch. IV]), one obtains the 
following result, based on the fact of that geodesies of M through the origin o oi G/K are of 
type (expt?;)o, u G m. Note that the manifold M', there mentioned, can be expressed as the 
orbit H ■ o (see also [19)). 

Theorem 8.2. Let (M = G/K,g) be a naturally reductive homogeneous manifold with adap- 
ted reductive decomposition g = m©^ and C m a L.t.s. Then there exists a (unique) complete 
and connected totally geodesic submanifold M' through a of M, such that T^M' = u. Moreover, 
M' is the naturally reductive homogeneous manifold {M' = H/{H D K), l* g), where H is the 
connected Lie subgroup of G with Lie algebra f) = z^ © [z^, z^]{ and l is the inclusion map. 

Now, let (M = G/K, a, (•, •)) be a compact irreducible 3-symmetric space of Type A^IL or 
Type A3IIL and let V be any of the subspaces V/., k = 1, 2, 3, of m for Type A3IL or V for 
Type A^III, defined in (|6.20p and (|6.22p . respectively. In what follows, we refer to V as a 
vertical distribution of M. 

Because V is a Lie triple system, each vertical distribution V determines a totally geodesic 
submanifold F-y as in Theorem 18.21 Consider the Lie subalgebras Qy and gv of g given by 

gv = V+[V,V], gv = V + « 

and their associated connected Lie subgroups Gv and Gv of G. Note that gv is an ideal of gv- 

Theorem 8.3. Let {M = G/K, a, {■,■)) be a compact irreducible 3-symmetric space of Type 
A3LI or Type A^LLL and let V be a vertical distribution. Then we have: 

(i) The quotient manifold = Gv/{Gv Ci K) is a totally geodesic submanifold of M 
through the origin tangent to V which is also an irreducible compact Hermitian sym- 
metric space. 

(ii) Gv is a closed subgroup of G and the projection vr : M = G/X — )• A'v = G/G\i, 
aK I—)- aGv, is the canonical fibration of M with generic fiber 

(iii) The base space = G/Gy is an irreducible compact symmetric space with inner 
associated automorphism of order two on g. 

(iv) fj is of Type A^LI if and only if Ny is a Hermitian symmetric space. 

Proof, (i) It follows from Theorem 18.21 and [16, Proposition 4.2 and Theorem 4.1]. 

Next, for each vertical distribution V of M, we shall look for an inner involutive automorph- 
ism TV of g such that (g,Tv) is an irreducible orthogonal symmetric Lie algebra and the set 
of fixed points is gv- Then {G,Gy) becomes into an associated pair of (g,Tv). Since the 
center of g is {0}, it follows that Gv is closed ( |111 Proposition 3.6, Ch. IV]). From here, 
Gy/K is a regular submanifold of G/K (see [111 Proposition 4.4, Ch. II]). Moreover, the 
totally geodesic submanifold Fy = Gy/{Gy K) is a submanifold of Gy/K, via the immer- 
sion g{Gy n K) I—)- L{g)K, for g £ Gy, where l : Gy — ?■ Gy is the inclusion map. Because 
To-Fv = V = To{Gy/K), Fy is an open submanifold of Gy/K. Since it is also closed in Gy/K, 
one gets that Fy = Gy/ (Gy H K) = Gy/K. It proves (ii) . 
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If a is of Type A^II, then rrii = rrij = 1 for some i,j G {!,...,/}, i < j and a = 
Adgj,p27ry/3T_H'' where H = ^{Hi + Hj). Let m = 'Vi©'V2® V3 be the orthogonal decomposition 
of m into its vertical subspaces V^, k = 1,2, 3. We consider the inner automorphisms of order 
two of Q : 

TVi = Adgxp7rv^(//,+//,)' = AdgxpTrV^T/f, ' = Ad^xp Try^/f, ' 

Using (|5.18p . one gets g^^* = gv^. and, because g is a compact semisimple (in fact, simple) 
Lie algebra the pair (g,rvj.) is an effective orthogonal symmetric Lie algebra. 

The base spaces A^v^. = G/Gy^ ,k = 1, 2, 3, of the canonical fibration are irreducible compact 
symmetric spaces associated with the orthogonal symmetric Lie algebras (g,TVj.). Moreover, 
they are Hermitian symmetric spaces and the complex structure J^'^k on N\i^ is determined, 
by using (|5.19p . by the Ad(G'vj.)-invariant tensor field J^"^fc on the horizontal distribution 
^fc = '^fci ffi '^k2^ where (A;, ki, ^2) is a cyclic permutation of (1, 2, 3), given by 

J^^i = ad 



J^V2 = ad 



W\V2 


= J\V2 > 


7^^1 _ 
-'IV3 - 


-'^|V3)> 


( T^V2 
W|V3 


= J\V3^ 


JVV2 _ 

-'|Vi - 


->^|Vi), 


W|V2 


= J\V2 ' 


JVV3 _ 

-'ivi - 


--^|Vi)- 



Next, suppose a is of Type A^III, with a = Ad^^pg^^/^Yj;/, where H = ^Hi being rrii = 2 
for some i = 1, . . . ,/. Let V be the vertical distribution. Then the base space A'^v = G/Gy 
is associated with the irreducible orthogonal symmetric Lie algebra (gvj'^v = ^^exp2-!T^r^Hi)- 
Hence Ny is an irreducible compact symmetric space with inner automorphism rv on g but it 
is not a Hermitian symmetric space. In fact, the roots which determine the isotropy subgroup 
are {aj G n \ j ^ i} L) {— All of this proves (iii) and (iv). □ 

Hence we can conclude 

Corollary 8.4. Compact irreducible 3-symmetric spaces of Type A^II or Type A^III are twis- 
tor spaces over irreducible compact symmetric spaces, and over Hermitian symmetric spaces 
for those of Type A3II. 

Remark 8.5. In Theorems 18.61 and 18.91 we will explicitly determine all pairs (gv;5v) for each 
vertical distribution V. In particular, we will obtain that gv is a compact simple Lie algebra. 
If a is of Type A^II, it follows from (jS.lSp that the pair (gVfc)'^fc)) for each k = 1,2,3, where 
5k is the inner automorphism given by 

'^1 = Ad^^p^(^^^^^^^^^^, 62 = Ad,,p^^^^|^^^, 53 = Ad,,p^^^^.|^^^, 

is an irreducible orthogonal symmetric Lie algebra associated to Fv^. = Gvj./(Gvj. H K). It is 
a Hermitian symmetric space with almost complex structure Jy^ = J^y^ and determined by 
the Ad(i^)-invariant tensor field on V^, given by ad,^,,, „ , , for A; = 1, ad r-ru , for 

A; = 2, and ad /rru ,„ , for A; = 3. If a is of Type A3III, the pair (gv,5 = Ad /rrf/.i ) is 

V J I V3 y V I ig-y 

an irreducible orthogonal symmetric Lie algebra associated to Fy = Gy/{Gy K) and with 
almost complex structure determined by the tensor on V given by a,(l^jziiH-^.^- 



34 



J. C. GONZALEZ DAVILA AND F. MARTIN CABRERA 



Theorem 8.6. The canonical fibrations for compact irreducible 3-symmetric spaces of Type 
A3II are: 

(i) CGr,,r, s(U(rr)xiJ(r2)xU(r3)) ^ CG^,,„_^,, whcrc 1 < r^, n + r2 + rs = n, and 
{i,j,k) is a cyclic permutation of (1,2,3). 

{11} •i^r (7(n-l)xSO{2) ^ Uin) ' ^ "i- 

SO(2(n-l)) SO(2n) . , 

(lllj U{n~l) ^ i;(n-l)xSO(2) ^ ^^2(n-l),2, " > 4. 

(iv) MG2,8 SO(8)xSO('2)xSO(2) ~^ SO(lofxSO(2) ' 

Remark 8.7. Note that on above compact quotient G/K the action of G is almost effective 
but not necessarily effective. 

Proof. We take A'^-^^, A^^q and Aj"^ as in proof of Proposition 17.31 for the simple complex Lie 
algebras o^-i, fn and eg. Then on a„_i (n > 3), using Lemma |5.H we have: 



a=0,l 



0Vi 


= E 


0V2 


= E 


0V3 


= E 



i+(,UA+{H)UA+{_F/) 
a=0,l 



Therefore, we get — ^.nd gvg — su(n — i). Next we show that gvi — su(n + i — j). 

Denote by iTn-i+i-j a system of simple roots 7r„_i4.j_j = {/3i, . . . , /3„_i+i_j} of a„_i+j_j . Let 
(f) be the bijection (j) : -Kn-i+i-j {ai, . . . , Oj-i, ajj , a^+i, . . . a„_i}, given by 

= Qi, . . . ,(/>(/3i_i) = ai_i, (/>(/3j) = aij , ^(ft+i) = Oj+i, . . . , (/)(/3„_i+i_j) = Un-i- 

Then (j) can be extended by linearity to a bijection from A+^._^. to A^i*"-!^ U Af{H) U A^{H), 
where A^^,__^, is the positive root set of Qn-i+i-j generated by iTn-i+i-j- Also denote by 
the same letter (p the homomorphism from 5u(n + i — j)) to gvi defined by cj}{\/—lHi^J = 
V-i^H^i^^) and (PiUl ) = C/;(^^) , s = 1, . . . ,n - 1 + i - j. Then 

a=0,l 

Moreover, we get 

0Vi = 0Vi + E.6A+W IRf^a + EaeK,...,a,_i} = su(j -i)e su(n + i - i) e Ti, 

0V2 = Qv, + E.eA+tff) IRf^a + E„eK,...,a„-i} = su(j) e su(n - j) e Ti, 

0V3 = 0V3 + E.eA+(H) + EaeW,...,a.} V^H^ = su(n - i) su(i) 



a = 0,l 



From here and Theorem 18.31 taking ri = i, r2 = j — i and r^ = n — j, we have the fibrations 
given in (i). 
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0Vi 


= E 


aGA+j^UA+{H) 
a = 0,l 


0V2 


= E 


QeA+gUA+{H) 
a = 0,l 


0V3 


= E 


aeA+-^UA+{H) 
a=0,l 



t\{q„_i} ■ 



Therefore, we directly get 3V2 — BVs — su(n). Let A^_^ be the positive root set for On-i 
generated by a system of simple roots 7r„_i = . . . , /3„_i} and consider the bijection 
4) : TTn-i {ai, . . . ,a„-2,an-2,n-i}, given by (/)(/3j) = a,, i = 1, . . . , n - 2, and (/>(/3„-i) = 
Oin-2,n-i- Then (p determines a homomorphism from so(2(n— 1)) to the Lie algebra gv^ defined 
as before. Then 



0Vi - EcG,^.(A+ ) + Ea69i(7r„„i) ■ 



-IH^ = 0(so(2(n - 1)). 



Moreover, we get 

0Vi = 0Vi + ^ so(2(n - 1)) e T\ 

0V2 = 0V2 + M^^^^a, = u(n - 1), 

0V3 = 0V3 + M^/^F„;_^ ^ u(n - 1). 

From here and Theorem I8.3( we obtain the fibrations (ii) and (iii); (ii) corresponds with the 
vertical distributions V2 and V3 and (iii) with Vi. 

Finally, on eg we have: 



0Vi 


= E 


aeA+-^UA+(H) 






a = 0,l 


0V2 


= E 


aeA + (jUA+(H) 






a = 0,l 


0V3 


= E 


QeA+^UA+(H) 






a = 0,l 



+ V 



\{"6}- 



-mo 



Using the corresponding Dynkin diagrams we get gv2 — 0V3 — so(lO). Next we also show that 
0Vi — so(lO). Let be the positive root set for generated by a system of simple roots 
7r5 = {/3i, . . . , /Js}. Let </> be the bijection (/> : tts — )• {ai + as^g > ^2 j • • • , «5}) given by 

0(/3i) = ai + 03,6 , 0(/52) = "2, (/'(/^s) = "4, (A(/?4) = "5, (kiPb) = as- 
Then i;^ can be extended to Ag^ — >• A(if) U Ai^i by linearity and the result follows as in the 
above cases. Moreover, we get 



0Vi = 0Vi + ■ 



-IH, 



0V2 = 0V2 + 



l-f^ae' 0V3 = 0V3 + 



-IH. 



Hence, gvi = 0V2 = 0V3 = so (10) 
Remark 8.8. The coset spaces 



□ 



SU{,n) 



S{U{i)xU{i)xU{n-2)) ' ''^ — 3' ^'^^ t'^^ compact irreducible 3- 
symmetric spaces of Type A^II such the the fibers of the canonical fibration are 2-dimensional. 
Such a fibration is given by 



C.2 ~ pi _ 5^(2) , SVjn) 

^ -^^ - S(U(l)xU(l)) ~^ S{U{l)xU{l)xU(n-2)) 



CG 



2,n-2 



SU(n) 
S{U{2)x U{n-2)) ■ 
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Furthermore, for these manifolds k = m and ^ = n — 2. Therefore, s(u(i)xU^^)xU(i)) known 
as the flag manifold F^, is the unique compact irreducible 3-symmetric space of Type A3II 
with 2-dimensional fibers which is also Einstein. 

Theorem 8.9. The canonical fibrations for compact irreducible Z- symmetric spaces of Type 
A3III are: 



(i 
(ii 
(iii 

(iv; 
(v: 

(vi 
(vii 

(viii 

(ix; 

(x 
(xi 
(xii 
(xiii 



SO(2i) , SO(2n+l) . Tn>/-< / ^ o ■ ^ 1 ^ 

-UW ^ U(i)xSO(2(n~i)+l) ^<^2i,2(n-i)+l> [n > 2, I > I). 

W- ^ uafxtl-i) ^ > 2, ^ < n). 

^ ^ uWxTc^5n-i)) ^ ^G^2i,2(„-i), (n > 4, 2 < z < n - 2). 

q2 V G2 V G2 

~^ U{2) ~^ SU{2)xSU{2)- 
q2 _, F4 , F4 

~^ Sp(3)xSO(2) ~^ Sp{3)xSU{2)- 

^^2,7 SO(7)xSO(2) ^ SD^- 

^<J1,5 S(U(5)x[/(l))xS!7(2) ^ S[/(6) x S[/(2) " 

02 > Ee Ed 

~^ S!7(6)xTi ~^ SU{6)xSU{2)- 
q2 > F7 E7 

~^ SO(12)xSO(2) ~^ SO{12)xSU{2)- 

fpr^ v Fj . F7 

v-L^l,? ^ s(Lr(7)x[/(l) ~^ Si7(8)- 

IKG2,10 SLr(2)xSO(10)xSO(2) ^ 80(12^x817(2) • 

^2 , Eg > Fs 

~^ Ft X SO(2) ^ Ft x SU{2) ' 

J\$/^ V i. Fs 

^"^2,14 SO(14)xSO(2) ~^ SO(16)- 



Proof. If a is of Type A^III then rrii = 2 [H = ^Hi), for some i = 1, . . . , n. It implies that 
0c is one of the following: b„ (n > 2), (n > 2), c)„ (ra > 4), 32, Cg, ey and eg. 

On bji we consider the automorphism a determined hy H — f-f^i; where 2 < i < n. A set 
A"*" of the positive roots is given by 

A+ = {ap^g {1 < p < q < n); ap^g = ap-\ h a^-i + 2ag H h 2a„ (1 < p < Q < n)}. 

Then, 

A+(ii") = {Q;p,5 I l<p<g<z}U {ap^g \ i<p<q<n}[J {ap^g \ i < p < q < n} 

and t is of type Oi_i bn-i © T^- Hence M is the quotient manifold SO{2n + l)/((7(?) x 
S0{2{n — i) + 1)). Moreover, the subspace V of m of the vertical distribution has dimension 
i{i — 1) and it is given by V = M{?7?^^ | 1 < p < q < i} and A2' = {ctp^g \ 1 < p < q < i}- 
Then we have 

0V = Ea6A+u{c«p,<,|i<p<,<0 + EaeA+ ^V^Ha- 

a=0,l 

Let A^ be the positive root set for generated by a system of simple roots TTj = . . . , /3i}. 
Let (j) be the bijection (/> : VTj — t- {ai, . . . , aj-i, given by </'(/3j) = a^, j = 1, . . . , i — 1, 

and ^(/3i) = Q;i-i,i. Then ^ can be extended by linearity to A^ — )• A^Ujap^g | 1 < P < 9 < 
Also denote by the same letter (f) the extended homomorphism from so{2i) to the Lie algebra 
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gv defined as before. Then 

a=0,l' 

Moreover, we get 

0V = 0veM{^i?a,+„...V^/^a,}eEa6sW + RC/l) 

^ so(2z)eso(2(n-i) + l), 

where S = {(Xp^q \ i<p<q<n}U {cKp,^ | z < p < g < n}. Hence the fibration given in (i) 
follows. 

For the complex Lie algebra Qc = Cn (n > 2), 

2 2 2 1 

o o • • • o o 

ai a2 OLn-\ Oin 

a set of positive roots is given by 

A+ = {ap^q {I < P < q < n), 5^ = ap-\ \-2aq-\ h 2a„_i + il<P<q<n - 1)}. 

The inner automorphism a = ^dexp2Tr^^H^ where H = ^Hi, I < i < n — 1. Then 

A+(iJ) = {ap^q I l<p<g<i}U {ap,q | i<p<q<n}\J {ap^q \ i<p<q<n-l}. 

It implies that is of type aj_i (8) c„_j i^T^. Hence M is the quotient manifold Sp{n)/{U{i) x 
Sp{n — i)). Moreover, the subspace V of m of the vertical distribution has dimension i{i + 1) 
and is given by V = {U^ \ 1 < p < q < i}, and = {ap,^ | 1 < p < 5 < i}- 

Now, let A+ be the positive root set for d generated by a system of simple roots tt^ = 
{Pi, . . . , Pi}. We consider the bijcction (f) : iTi ^ {ai, . . . , cij^j}, given by (j){Pj) = aj, 
j = 1, . . . , i — 1, and (j){Pi) = cti^i. Then cp can be extended by linearity to A+ A2 U {ap^q \ 
1 < p < q < i} and gives a homomorphism from 5p{i) to the Lie algebra g-y Then 

a=0,l' 

Moreover, we get 

0V = 0veM{^/fa,+i,...V^^^a,}eEa6sM + ^f^a) 

= sp(z) esp(n - z), 

where S = {ap,^ |^<p<g<H}U {ap,^ \ i<p<q<n — 1}. Hence we get the fibration 
given in (ii). 

On Dn, the automorphism a corresponds to iJ = with 2 < i < n — 2. Then 

A+(ii") = {an, Oip,q (1 <p < q <i), ap^q {i < p < q < n), oip^q {i<p<q<n, p<n - 2)}. 

Moreover, A2' = {ctp^q (1 < p < (/ < i)} and dimV = i{i — 1). Let A^ be the positive root 
set for Di generated by a system of simple roots VTj = . . . , /3j}. Let (j) be the bijection 
(p : TTi ^ {ai, . . . ,Qi_i,di_i,i}, given by (piPi) = ai, i = 1, . . . ,i - I, and (p{Pi) = ai-i,^. 
Then (f) can be extended by linearity to Ag. — >■ A2" U {ctp,q \ ^ < P < q < i}- Also denote by 
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the same letter (p the extended homomorphism from so(2i) to the Lie algebra gv defined as 
before. Then 

0V = E aeA+u{ap.,|i<p<c,<0 + EaeA+ l^V^-^a 

a=0,l' 

and we get 

a=0,l 

= so(2i) ©so(2(n - i)), 

where H = {a„, a^^g < P < ^ < ?^), Q;p,g {i<p<q<n,p<n — 2)}. Hence we obtain the 
fibration given in (iii). 

For the exceptional Lie algebra 92, 

3 2 



a set of positive roots is given by = {ai, a2,ai+ oli-, 2q!i + 02, 3ai + a2, 3ai + 2a2}, being 
[I = 3ai + 2q!2 the maximal root. In this case H = |-f^2j ^2 — itA ^^'^ ^^(-^) = {cki}- 
Then 

flv = ^V^H^ e Mt/"" ^ su(2) ^ so (3), 
flv = 0v © ^V^Ha, © MC/«^ = su(2) © su(2). 
Hence F is the 2-sphere S'^ and the fibering (iv) is obtained. 
Onf4, 

2 3 4 2 

o o )- o o 

ai 02 Q!3 CK4 

H = 2ai^4 + a2,3 + 03 and a set of positive roots is given by 
A+ = {ap^g (l < p < q < 4:), 02,3 + "3, "1,9 + «p,3 (p = 2,3; q = 3, 4), 02,4 + "3,9 (q = 3,4), 
au + {p = 2, 3), q;i,4 + 02,5 + as (g = 3, 4), ai,4 + 0:2,4 + ap,3 + 03 (p = 2, 3), /i}. 
Here = 01 H = ^H4. For = one gets 

A+(ii") = {ap^g {2<p<q<4),a2 + 2a3, a2 + 203 + 04, 0:2 + 2a3 + 204}, 
which coincides with a positive root set for C3. Then, A J = {/x} and we have 

>Prom here we get (v). 
For H = §-^4, one gets 

A+{H) = {ap,q {l<p<q<3),a2 + 2a3, ai + 02 + 203, ai + 2q;2 + 203} 

and 

Aj = {"2,4 + 0:3,4, 0:1,4 + Op,4 {p = 2, 3), q;i,4 + a2,4 + 0:3, 01,4 + 0:2,4 + Op,3 + 03 (p = 2, 3), /x}. 
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Hence 

SV = 0V = e EaeA+(H)uA+ ^U^- 
a=0,l 

Put /3i = Q!2,4 + as, 4, P2 = cti) 1^3 = 012 and /34 = 03. Then . . . , /34} is a system of simple 
roots of 64 and the positive root set generated by them coincides with A"'"(iJ) U A2'. Hence 
0V = 0V — so (9) and we obtain (vi). 

On zq, H = |i/3 and H = determine conjugate automorphisms of Type A3III. Also 
H = determines an automorphism of Type A^III. We start with H = f-ffa- Then 

A+{H) = {ai,a2,ap,g{i<p<q<6),a2 + ai,pii<p<6)}, 

= {ai,5 + a3,4 ,ai,6 + a3,4 ,"1,6 + "3,5 ,"1,6 + o;3,5 + 04,^}- 

Let A'^^^ be the positive root set for 05 generated by a system of simple roots 775 = {^1, . . . , /S^}. 
Let (p be the bijection : tts — t- {q;2, 04, 05, Q!i,5 + ct3,4}) given by 

= a2, (p{P2) = a4, (piPs) = Q!5, ^(^4) = ae, (piPb) = 011,5 + a3,4- 

Then c/) can be extended by linearity to A||; — t- A^ U (A"'"(i7) \ {ai}). Also denote by the 
same letter (p the extended homomorphism from so (6) to the Lie algebra gv- Then 

flV = E„eA+u(A+(«)\{.a) ^f^a + SaeA+ ^V^H^ - Su(6). 
0=0,1 

Moreover, we get 

0V = SV © MV^i^ai ® MC/°^ ® Rjy^j ^ su(6) © 5u(2). 

Hence we get the fibration given in (vii). 
Next we consider H = |i?2- Then 

A+{H) = {ai,ap,q (3 < p < g < 6), ai + ag.p (3 < p < 6)} 

and A^ = {/i}. Then 

gv = RV^H^ © RU^l © RU^ ^ su(2) ^ so (3). 
Since A~^{H) is a root set for 05 with simple system {ai, 03, . . . , oq}, we have 

0V =su(6) ©su(2). 

This gives the fibration in (viii). 
On ey, 

2 

o 
02 



1 2 3 4 3 2 
o o o o o o, 

07 ae 0:4 0:3 ai 
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a positive system of roots is given by 
A+ = {01,02; ap,g (3 < p < 9 < 7); ai,p , a2,p (4 < p < 7); ai + as^p {3 < p < 7); 

"2 + a4,p (4 < p < 7); 04 + ap,q (p = 1, 2; g = 5, 6, 7); ai^ + ap,^ (3 < p < g < 5); 
a2,p + 04,5 {p = 6, 7), 04,6 + 02,7, "1,7 + (Xpfi (p = 3, 4), aij + Op^y (3 < p < g < 5), 
"1,5 + "3,4, "1,6 + «p,5 + "4 (p = 2, 3), aij + ap^g + 04 (p = 2, 3; g = 5, 6), 
"1,7 + ap,6 + "4,5 {p = 2, 3), aij + 02,6 + "p,5 + "4 (p = 3, 4), ^}. 

The possible automorphisms of Type A^III are determined by -ff = H = |i/2 or 

H = §i?6- 

If = fi^i, then 

A+{H) = {02; ap,q(3<p<g<7); a2,p(4<p<7); a2 + a4,p(4<p<7); 

"4 + a2,q (g = 5, 6, 7); Q;2,p + "4,5 (p = 6, 7), 04,6 + "2,7}, 

and A2" = {/x}. Hence, as before, = su(2). Prom Dynkin diagrams, A+(ii") is a root set for 
O5 with simple system {Pi, . . . , Pq}, where Pk = A; = 1, . . . , 6. Then we have 

flv = so(12)esu(2). 

This gives the fibration in (ix). 
UH = IH2, then 

A+(ii-) = {ai,ap,q(3<p<g<7); ai+a3,p(3<p<7)}, 

A^ = {«1,6 + "2,5 + "4,Q;i,7 + "2,g + «4 (g = 5,6),Q;i,7 + Q;2,6 + "4,5, 
"1,7 + "2,6 + "p,5 + "4 (P = 3, 4), /i} . 

Hence 

0V = flV = © EaeA+(H)uA+ IKC^a- 

a=0,l 

Put Pi = ai, P2 = 0:3, Ps = a4, P4 = cts, /35 = ag, /Sg = cty and /Jy = cti^g + "2,5 + "4- Then 
. . . , /Jy} is a system of simple roots of ay and the positive root set generated by them 
coincides with A+(i7) U A^. Hence 0v = 0V — su(8) and we obtain (x). 
UH = iHe, then 

A+{H) = {ai, 02; "p,g (3 < p < g < 5); ay, Q;i,p, a2,p = 4, 5); ai + a^^p {p = 3, 4, 5); 
"2 + "4,p {p = 4, 5); a4 + "p,5 (p = 1, 2; ); q;i,5 + "3,4}, 
A J = {"2,7 + "4,6, "1,7 + "p,6 (P = 3, 4), aij + Q!p,6 + "4 (p = 2, 3), 

"1,7 + "p,6 + "4,5 (P = 2, 3), aij + a2,6 + "p,5 + "4 (p = 3, 4), /x}. 

Therefore, 

a = 0,l 

Let A^ be the positive root set for generated by a system of simple roots ttq = 
{Pi, . . . , Pq}. Let (j) be the bijection (f) : ttq {"2,7 + "4,6 , "1, • • • , "5}, given by 

= "2,7 + "4,6, <t}{h) = OLi, (t){P3) = a3, 0(^4) = "4, <;/!)(^5) = "2, <;i!>(^6) = "5- 
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Then (j) can be extended by hnearity to A^^ — )• U (A+(i7) \ {ay}). This imphes that 
Qy = so (12). Moreover, we get 

0V = 0V © ^V^Har © M?7°^ e RU^^ ^ so(12) e su(2). 
Hence we get the fibration given in (xi). 
On ts, 

3 
o 

a2 

2 3 4 5 6 4 2 
o o o o o o o , 

as aj aQ 05 04 as ai 

wc consider the automorphisms a of Type A^III determined hy H = and H = ^Hg. 
li H = ^Hs, we get that A'^{H) is the set of positive roots of 67 given below and 

A+ = A+{H) U {fx} U{a,fi- a}, 

where fi = 2ai g + 02,7 + 0:3^6 + "4,5 + 04 and a is any element of the following set: 

{oip,S (1 < P < 8), "1,8 + "3,q, "1,8 + a4,q, a2,8 + "4,g (4 < Q < 7), 0:3,8 + Ol, Q;4,8 + "2, 
"1,8 + "3,9 + "4 (5 < 0' < 7), ai,8 + "2,g + "4 (5 < g < 6), Q;i,8 + "2,6 + "4,5}- 

Since A2 = {n}, Qv — su(2) and then gv — ^7 ©su(2). This gives the fibration in (xii). 

li H = |-ffi, we have 

A+{H) = {a2,ap,g(3<p<r?<8),a2,p(4<p<8),a4+"2,p(5<p<8), 

"2 + "4,p (4 < p < 8), a2,p + "4,5 (6 < p < 8), a2,p + 04,6 {p = 7, 8), 02,8 + "4,7}, 

A+ = 
where q is any element of 

{"2, "p,g (3 < p < g < 8), a2,p (4 < p < 8), 02 + 0:4,8, "2,8 + "4,p (4 < p < 8)}. 

Hence 

5V = BV = i) © E.6A+(H)uA+ Kf^a- 

o, = (),l 

Put I3i= II- (02,8 + "4,8) = "1,7 + "1,6 + "3,5 + "4 and 13k = "10-fc, for G {2, . . . , 8}. Then 
{Pi^ . . . , Ps} is a system of simple roots of X>s and the positive root set generated by them 
coincides with A+(iJ) U Ag". Hence flv = flv — so (16) and we obtain the fibration in (xiii). □ 
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